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A Sketch of t h e  Theory of t h e  

Bolt  zmann equation 

Car lo  Cercignani 

I s t i t u t o  d i  Matemeticz 

Po l i t ecn ico  d i  Tfiilano 

Milano, I t a l y  

I n  t h i s  seminar, I s h a l l  b r i e f l y  review t h e  t h e o p  of t h e  

Boltzmann equation. How t h e  l a t t e r  a r i s e s  from t h e  1 , iouvi l le  

equation has been discussed i n  0. Lanf ord 's l ec tu res .  

We s h a l l  w r i t e  t h e  Boltzmann equzt ion i n  t h i n  form 

where t ,  2 ,  5 denote t h e  t ime, space and ve loc j ty  vn- 

r i a b l e s ,  while 4 i s  t h e  d i s t r i b u t i o n  func t ion ,  normalized 

i n  such a way t h a t  

where M i s  t h e  mass contained i n  t h e  r e ~ i o n  over which t h e  

i n t e a r a t i o n  with respect  t o  2 extends. 

Q({,{) i s  t h e  so c a l l e d  c o l l i s i o n  term, e x p l i c i t l y  obtai-  

nab le  from t h e  fol lowing d e f i n i t i o n  



where $ i s  an a u s i l i a r y  v e l o c i t y  vec to r ,  V is t h e  re- 

l a t i v e  speed, i.e.. t h e  mamitude of t h e  v e c t o r  y = f -I*, 
#'=Q&~),$= etc. ,  where ' and 5; a r e  r e l e t e d  - 
t o  f and f, through t h e  r e l a t i o n s  express ing conservation - 
of momentum and energy i n  a  c o l l i s i o n  

where 2 i s  a u n i t  vec to r ,  whose p o l a r  ang les  a r e  4 ma 

2 i n  R p o l a r  coordinate  system with Y as p o l a r  axis .  

T n t ~ r r ~ t i o n  extends t o  ~ l l  va lues  of and between 0 

and rr/2 with reroect  t o  6 ,  from 6 t o  21 with respect  

t o  6 .  F i n a l l y  B(~v)  i s  r e l a t e d  t o  t h e  d i f f e r e n t i a l  c ross  

sec t ion  q(qv by t h e  r e l a t i o n  

and m is  t h e  mass of a gas  molecule. For f u r t h e r  d e t a i l s  

one should consu l t  one of my books [I ,2]. 

Eq. (1 ) is  v a l i d  f o r  monatomic molecules and i s  more Ke- 

ne rn l  than  t h e  Boltzrnann equat ion considered by Lanford i n  - 
h i s  l e c t u r e s ,  because it is  no t  r e s t r i c t e d  t o  r i g i d  spheres,  

but a l lows molecules with any d i f f e r e n t i a l  c r o s s  sect ion.  

The case  of r i g i d  spheres i s  obtained by s p e c i a l i z i n g  B (~v)  
as fol lows 



where d i s  t h e  sphere diameter. Another importa?t cF.se i s  

o f f e r e d  by t h e  so c a l l e d  1~;axwell molecules. 

The l a t t e r  a r e  c l z s s i c a l  point  masses i n t e r a c t i n r  w i t h  s 

c e n t r a l  fo rce  inverse ly  propor t ional  t o  t h e  f i f t h  Dower of 

t h e i r  mutual d i s t ence ;  a s  a consequence, it t u r n s  out t h a t  

B(6,V) i s  independent of V. 
It i s  c l e a r  t h a t  i n i t i a l  and boundary condi t ions  a r e  requi- 

red i n  o rder  t o  solve  t h e  Boltzmann equat ion,  s ince  t h e  l a t t r r  

contain3 t h e  t ime and space d e r i v a t i v e s  of f .  The bound: - 4 ~  CO?I-  

d i t i o n s  a r e  p a r t i c u l a r l y  important s i n c e  they descr ibe  t h e  in- 

t e r a c t i o n  of t h e  gas  molecules with s o l i d  wal ls ,  but p a r t )  cu- 

l a r  d i f f i c u l t  t o  e s t a b l i s h ;  t h e  d i f f i c u l t i e s  a r e  due, mainly, 

t o  o u r  l ack  of bowledge of t h e  s t r u c t u r e  of t h e  su r face  l c y ~ r - .  

of s o l i d  bodies and hence of t h e  i n t e r a c t i o n  p o t e n t i a l  of tlir 

g a s  molecules with molecules of t h e  s o l i d .  \'!hen a molecule i::- 

pinces  upon s sur face ,  it i s  adsorbed and may form chemi cn.1 

bonds, d i s s o c i a t e ,  become ionized o r  d i sp lace  su r face  atoms. 

The simplest  poss ib le  model of t h e  pas-surface i n t e r a c t i o n  

i s  t o  assume t h a t  t h e  molecules a r e  specular ly  r e f l e c t e d  at  

t h e  s o l i d  boundary. Th is  assumption i s  extremely unren l i  s t l c  

i n  e e n e r a l  and can be used only i n  p a r t i c u l a r  c a w s .  Tn pene- 
/ 

ral, a  molecule s t r i k i n g  a surface  a t  a v e l o c i t y  9 r e f l e c t s  

from it a t  a  v e l o c i t y  which i s  s t r i c t l y  determined only - 
i f  t h e  path of t h e  molecule within a  w b l l  can be computed exac- 

t l y .  Th i s  computation i s  impossible because it  depends upon a 

g r e a t  number of d e t a i l s ,  such as t h e  l o c a t i o n s  and v e l o c i t i e s  

of a l l  t h e  molecules of t h e  wall. Hence vze m&y only hope t o  

compute t h e  p r o b a b i l i t y  densi ty  R &' - 4 5 )  t h r t  2 no1 cc:r? e 



s t r i k i n g  the  surface with ve loc i ty  between e' and f i+dY re- - - - 
emerces with veloci ty  between t and f. +df . I f  R i s  hown, - @ 

i t  i s  easy t o  wr i te  the boundary condition f o r  

where g is  the  u n i t  vec tor  nonnal t o  the wall  and we assumed 

the  wall  t o  be at r e s t  (otherwise 2, must be replaced 

by f-%,tL% , denot i n s  t h e  wall  ' s veloci ty .  ) 

I n  ~ e n e r a l ,  R w i l l  be d i f f e r en t  a t  d i f f e r en t  points  of  the  

w ? 1 1  and d i f f e ren t  times; t he  dependence on 5 and t i s  not shown 

exn l i c i t l y  t o  make the equations shorter.  

If the wall r e s t i t u t e s  all the eas  molecules ( i . e .  it i s  non- 

porous m d  nonadsorbing 1, t he  t o t  a1  probabi l i ty  f o r  an impinginp 

aolecule t o  be re-emitted, with no matter what ve loc i ty  i s  
- I  

m i t y :  

A n  obvious property of t h e  kernel  Kt!?!) i s  t h a t  it cannot 

assume negative values 

Another basic  property of t h e  kernel R , which can be cal- 

l ed  t h e  " rec iproc i ty  laww o r  t h e  "detai led balance", is wri t ten  

as  follows [ I ,  2 1  : 

where $&) i s  p m p o r t l o n d  t o  u*p[-.!!y(2KQJ,where To i s  



t h e  temperature of t h e  w e l l  ( i n  o t h e r  wonls, {(S) j 5 E ; : F . Y - ~ ? -  

l i a n  d i s t r i b u t i o n  f o r  a  pas a t  r e s t  a t  t h e  t ennera tu re  of t h o  

w a l l  1. 
We n o t e  a  simple consequence of r e c i p r o c i t y ;  i f  t l - e  Y --rl n u j  - .- 

d i s t r i b u t i o n  is  t h e  w a l l  ilaxwellian 4 md aess IS r o r . t . r n e 6  

at t h e  wa l l  according t o  Eq . ( l l ) ,  t h e n  t h e  d i s t r i b u t i o n  fimctior, 

of t h e  emerging molecules i s  again  4 or, i n  o t h e r  words, t h e  

w a l l  >Iaxwellian s a t i s f i e s  t h e  boundary condi t ions .  I n  f a c t ,  1f 

we i n t e p r a t e  Eq. (13)  with respect  t o  8' and use  Eq. (1 1 ) we - 
obta in  

and t h i s  equation proves our  statement,  according t o  Eq. (10). 

It i s  t o  be remarked t h a t  Eq. (14 1, although a consenuence o f  

Eq. (13)  (when Eq. (11)  holds)  is l e s s  r e s t r i c t i v e  t h m  Xq. (1') 

and could be s a t i s f i e d  even i f  Eq. (13)  f a i l e d .  

A s  a consequence of t h e  above p r o p e r t i e s ,  one can pmve  [2] 

t h e  fol lowing remarkable theorem: 

Let C ( I )  be a s t r i c t l y  convex continuous funct ion of i ts  

a r p m e n t  2. Then f o r  any s c a t t e r i n p  kerne l  R ( k ' d 3 )  s a t i -  

s f y i n e  Eqs. (11 ), (121, (14) ,  t h e  follow in^ inequa l i ty  holds  

where i s  t h e  w a l l  Idaxwellian, g 3 = $/fo and i n t  e ~ r e t i o n  

extends t o  t h e  f u l l  ranges of va lues  of t h e  components of' 

t h e  va lues  of 4 f o r  Zq9J being r e l a t e d  t o  those  f o r  ) . 9 C ~  

through Eq. (1.6). Equal i ty  i n  Eq. ( 1 5 )  holds  i f  and only if 

e= almost everywhere, u n l e s s  R (EL5 ) i s  propor t ionz l  



t o  a d e l t a  funct ion.  

d s  a c o r o l l a r y ,  t h e  fol lowing i n e q u a l i t y  ho lds  [2) : 

- h e r e  [q*%Jd denotes t h e  normal heat  f l u x  fed. i n t o  the gas  

by t h e  s o l i d  c o n s t i t u t i n g  t h e  w a l l  and R i s  t h e  g a s  c o n s t m t .  

We want t o  genera l i ze  t h e  H-theorem, considered in 0. L a -  

f o r d ' s  l e c t u r e s ,  t o  t h e  case  of a gas  bounded by s o l i d  wa l l s  

which may o r  may not  be a t  r e s t .  To t h i s  end we def ine  

and observe t h a t  

{ A  RUZ with respec t  t o  i from 1 t o  3 is  understood).  

Mow, t h e  fol lowing i d e n t i t y  ho lds  f o r  any 

t h e  i n t e g r a l s  make sense: 
~, f ,  a provided 

This i d e n t i t y  fol low by s t ra igh t fo rward  manipulations;  

f o r  d e t a i l s ,  s e e  rl ,q . 
Applying Eq. (20)  t o  t h e  case  P = (D8f ,$I{ (430)) we 

ob ta in  



where t h e  inequa l i ty  fol lows from t h e  f a c t  t h a t  (1-A) & ;\ is 8 
always negat ive ,  except f o r  )( = 1 ,  where it i s  zero. Hence e- 

q u a l i t y  i n  Eq. (21 )  i s  v a l i d  i f  and only i f  

o r  l e t t i n g  denote 

I 1  
(P+E =P*?'!* 

T h i s  equation is  s a t i s f i e d  t r i v i a l l y  by Q = 1 and, a s  R 

consequence of Eqs. ( 4 )  and (5),by y = r ;  ( i =  1 , 2 , 2 )  and  

Qr p ; it can be shown [ 2  ] t h a t  t h e r e  a no o t h e r  li- 

n e a r l y  independent c o l l i s i o n  i n v a r i a n t s  (such i s  t h e  neme f o r  

t h e  s o l u t i o n s  of Eq. (23)). A s  a consequence, t h e  most qene- 

r a l  d i s t r i b u t i o n  func t ion  s a t i s f y i n g  Eq. ( 2 2 )  i s  given by 

where a, 2 , c  a r e  constant.  Eq. (24) b e  rewritten i n  the 

fol lowing form 

- - 

where 9 ,  y, T a r e  new constants  r e l a t e d  t o  the  previous 

onesand have t h e  meaning of densi ty ,  mass ve loc i ty  a d  tempe- 

r a t u r e  associa ted with t h e  d i s t r i b u t i o n  func t ion  f according 

t o  well-known formulas El ,2] . Eq. (25 ) gives  a  I~axwel l ian  

d i s t r i b u t i o n .  

Eqs. (19) and (21)  imply t h a t  



where t h e  equal i ty  s ign appl ies  i f  ar.d only i f  f is  Xaxwel - 
l i e n ,  i.e. i s  given by Eq. (25 ). 

I f  we in tegra te ,  both s ides  of Ea. (26) with resnect t o  2 

nver a region R bouded by s o l i d  walls, we have, i f  the boun- 

d a r y  3 9  of R moves with veloci ty  k,: .- 

(27) 

where dS i s  a surface element of the  boundary 9 R  and ; 
the  inward. normal. The second term i n  the  i n t e g r a l  comes from 

the f a c t  t h a t ,  i f  t he  boundary is  moving, when forming the time 

derivat ive of H we have t o  take in to  account t h a t  the region of 

in.tegration changes with time. 

I f  we use Eq. (16),  Eq. (27) becomes: 

when we replaced f by J-%. i n  Eq. (16)  as required. Eq. 

( 2 6 )  ~ e n e r a l i z e s  the H-theorem, showing t h a t  H decreases with 

time if the re  is no heat exchange between the  gas and the  

w a l l s .  ~ l s o ,  equal i ty  i n  Eq. ( 2 8 )  appl ies  i f  and only i f  4 i s  

lr-ellian. Eq. (28)  suggests t h a t  H,. be in te rpre ted  a s  - ?/? 
where 1 is  the entropy of t h e  gas, s ince it s a t i s f i e s  t he  

inequal i ty  (Clausius-Duhem inequality).  This ident i f ica-  

t i o n  is val idated by evaluatinq H a t  equilibrium, when f m ~ s t  

h ~ v e  the form indicated i n  Eq. (25) ;  i n  such a case )LC- RH 

turns out t o  have the  same dependence on 

t ropy i n  ordinary thermodynamics. 
P and as the en- 

Let u s  now b r i e f ly  examine the  problem of solving the  Bolt- 

zrnann equation; because of t he  nonlinear na ture  of the co l l i s ion  

term , t h i s  is a d i f f i c u l t  problem. A very pa r t i cu l a r  



c l a s s  of s o l u t i o n s  i s  of fe red  by ? f a x w e l l i e ~  dist ri.bt:tj.ons, So. 

(25 1, which descr ibe  s t a t e s  charac te r ized  by the f a c t  that r .~ i -  

t b e r  hea.t f lux  n o r  s t r e s s e s  o t h e r  tha? i s o t r o p i c  pressurn are 

nresent .  i f  we want t o  deacr ibe  more r e a l i s t i c  nonsquili'oriur:! 

s i t u a t i o n s ,  vie have t o  rely upon approxi.cata methods, tynicel1.v 

-perturbation techniques ,  The sj.molest approach i s  ti0 virj.te 

where 4 is  a Maxwellian end g is a "small pnraneter",  

which m p y  o r  nay n o t  appear i n  t h e  Eoltzmzrm equ?ti.on. I n  t h c  

second case, w i l l  appear i n  t h e  i n i t i a l  and hour,dnxy concli - 
t i o n s  and t h e  equat ion f o r  kL w i l l  be 

where 

i s  c a l l e d  t h e  l i n e a r i z e d  Boltzmann operator.  3q. ( 3 0 ) ,  j.n t u r n ,  

i s  c a l l e d  l i n e a r i z e d  Boltzmann equation. If one in t roduces  a 

H i l b e r t  space 'p where t h e  s c a l a r  product i s  given bv 

then  L is a symmetric opera to r  io 2 : 

I n  add i t ion ,  L is non-nepative 



pad t h e  equzllt,!r s i g  holds  1' m d  onl;.. i f  h 4.n a c o l l i s i o ~  

in .vs r imt .  :n zu?h a csse  

i.e. t h e  c o l l l s r 3 n  l n v a r i m t s  a r e  e igenfunct lons  assoclafed 

with t h e  f i v e f o l d  degenerate e i renvalue  = 0 of t h e  open=- 

t o r  t . ,411 t h e s e  propertjeJfollow inmediately f mrn Eq. ( ? ?  ) and 

(20), i f  t h e  circumstance t h a t  fe s a t i s f i e s  Eq. ( 2 2 )  i s  pro- 

ne r ly  taken i n t o  account. 

3 9  (35) su(~(re8-t. i n v e s t i g a t i n g  t h e  spectrum of L ; t h i s  

p r ~ b l e m  a r i s e s  when we look f o r  t h e  so lu t ion  of Eq. (30) i n  

t h e  space homogeneo~s case  (aR/aa = 0) . Eq. (34 ) shows t h a t  

the speotrun i s  contained i n  t h e  n e r a t i v e  r e a l  s e n i a x i s  of t h e  

x -? lane ;  it t u r n s  out t h a t  t h e  spectrum i s  extremely d e v n d e n t  

umn t h e  form of  t h e  choice of t h e  func t ion  5 (0,V) appea- 

r i n ~  i n  Eq. ( 3 ) .  It i s  completely d i s c r e t e  f o r  t h e  case  of Hax- 

::~11 molecules, while it is p a r t l y  d i s c r e t e  an3 p a r t l y  continuous 

i :~ t h e  case  of r i g i d  spheres.  F o r  f u r t h e r  d e t a i l s ,  one should 

consul t  Ref s. [ 7,23 . 
An i n t e r e s t i n g  ~ r o h l e n  c r i s e s  when one i n v e s t i q a t e e  t h e  so- 

l u t i o n s  which do no t  d e ~ e n d  on t i n e  t and two space coordinetss ,  

~ ? y  x2 and x, 
; i n  this czse  one has t o  solve  t h e  equation 

i n  the unknown k = &. (x,, b, ,k,,h) = (,(x~, - ). The similzr!ty 

between t h i s  e ~ a t i o n  and Eq. (30) with a & , / a ~  = 0 s u p ~ e s t s  

t h a t  we  look f o r  s o l u t i o n s  of t h e  form 



{*ere g s a t i s f i e s  

which i s  t h e  analogje  of U=;\k. The f i r s t  question i s  i- .rtho- 

t h e  sol-utions of Eq. (381 a r e  s u f f i c i e n t  t o  const ruct  t h e  p n e r z l  

s o l u t i o n  of Eq. ( 3 6 )  by euperposit ion.  Next c o m e s  a study of 

t h e  s e t  of vfilues of h f o r  ~vhick! Eq. (38)  has a so lu t ion  

( d i f f e r e n t  f r o n  9 = 0). 

The problem here  i s  more d i f f i c u l t  beczuse t h e r e  i s  w : ~ . - . r - r .  - 
play between L and t h e  m u l t i p l i c a t i v e  onera to r  4 . 1. 1 - 5 -  

t i o n  t h e  ex i s tence  of t h e  c o l l i s i o n  i n v a r i m t s  s ~ t i s f y i n y :  T r .  

( 3 5 )  prevents L from beinp a  s t r i c t l y  n e ~ a t i v e  operator.  In 

s p i t e  of t h i s ,  it i s  poss ib le  t o  show [2] t h ~ t  t h e  penera l  

s o l u t i o n  of Eq. (36) can be wr i t t en  a s  follows: 

a=O 

(dl 
a r e  t h e  e igensolut ions  of Eq. 8 a r e  t h e  f i v e  

c o l l i s i o n  i n v a r i a n t s  yo= f , q<~i-3; ( ; = 1,2,3 1, \O! , ff? $R$ 

(To being t h e  temperature i n  t h e  b a s i c  I~laxwellian & 1. Here 
I 

we have assumed t h a t  t h e  1 5  form a  continuous s e t ,  othenvi- 

s e  t h e  corresponding i n t e g r a l  has  t o  be repleced by the sum 

It i s  c l e a r  t h a t  t h e  general  s o l u t i o n  given i n  Eq. (?.a) 

i s  mede up of two p a r t s ,  hA and , giver, by 



where the "eigenvalues" a r e  of t he  order  of t h e  inverse of 

the mean f r e e  path [21 . It i s  c l e a r  t h a t  $ describes space 

t r ans i en t s  which a r e  of importance i n  t he  neighbourhood of 

boundaries and become negl ig ib le  a few mean f r e e  paths f a r  from 

them. The circumatanccthat Eq. (41) contains exponentials with 

both A> 0 and 0 i s  exact ly what is  required t o  describe 
C 

a decay e i t h e r  f o r  x > y, o r  X, 4 yl , where x, i s  the  

location of a boundary, 

The general solut ion given by Eq. (39) then shows t h a t ,  i f  

the region where the  gas i s  contafned ( e i t h e r  a half  space o r  

a s lab  of thickness d ,  because of the  assumption t h a t  h is  

independent of two space coordinates) i s  much th i cke r  than the  

mean f r e e  path l ,  then % w i l l  be negl igible  except i n  boun- 

dary l aye r s  a few mean f r e e  paths thick. These l aye r s  receive 

the name of "Knudsen layers"  o r  "Kinetic boundary layers".  Out- 

s ide them the  solut ion i s  accurately described by the  asympto- 

t i c  par t  hA , defined by Eq. (40);  it can be shown [2] t h a t  i f  

we conpute the  s t r e s s  tensor  and heat f l ux  vec tors  a r i s ing  from 

hA , they tu rn  out t o  be re la ted  t o  the ve loc i ty  and temperature 

r rad ien ts  by the  NavierStokes-Fourier r e l a t i ons  ,with the  f ol- 

lowing expressions f o r  t h e  v iscos i ty  coef f ic ien t  and the  

heat conduction coefficient k : 



These r e s u l t s  can be extended t o  more ~ e n e r ? l  r ro t le -  .- r.2 
Very i n t e r e s t i n q  problems z r l s e  when  he j n ~ o : > r l , ' ; - ~  r:>>< 

1s riot s a t i s f i e d ,  i .e .  t h e  mean f r e e  math 1 s  c o r m - r - P I P  rlth 

t h e  s l a b  th ic lmess  n, 2 1  ; t h e i r  t r e e t n e n t  I.:;, l-onevrr, 1 . 3 -  

yond t h e  l i m i t s  of t h e  present eemina,r. 
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Chapter I. Elementary Qualitative Theory of Mfferential Eauations. 

This series of l e d w e s  w i l l  be concerned with the s t a t i s t i ca l  

theory of dissipative system and, a t  least  metaphorically, with i ts  

applications t o  hydrodynamics. The priacipal objective will be t o  t r y  t o  

clariFy the question of how t o  construct the appropriate ensemble for  

the s t a t i s t i ca l  theory of turbulence. We w i l l  not, however, come t o  

th is  point for  some time. It should be noted a t  the outset that  the 

relevance of our discussion t o  the  theory of turbulence i s  dependent on 

the guess t ha t ,  despite the fact that  f luid flow problems have i n f i n i t e  

dimensional s ta te  spaces, the important phenomena are essentially f in i t e  

dimensional.* This point of view is  ncrt universally accepted [ h ] .  On 

the other hand, the theory i s  not restricted t o  fluid flow problems; it 

also applies t o  a large number of model systems arising, for  example, in  

mathematical biology 17 1. 

The methods we w i l l  discuss are limited i n  that they appear not t o  

have anything t o  say about such traditionally central issues as the 

characteristic spat ial  properties of turbulent flow, the  d y n d c s  of 

vorticity, etc. Instead, they attempt to  clarify the  apparently stoch- 

as t ic  character o f t h e  f l o w  and i ts  peculiar dependence-independence on 

i n i t i a l  conditions. To explain what t h i s  means, l e t  us look brief ly a t  

two important but not completely precise distinctions - between consenra- 

t ive  and dissipative systems end between stable and unstable ones. 

Intuitively, when we say that  a system is conservative, we mean that ,  

once it has been started i n  motion, it w i l l  keep going forever without 

* 
It may be that  t h i s  ceases t o  be t rue for "fully developed turbulence" 
wid that what we say here applies t o  turbulence a t  relat ively low Rey- 
nolds numbers and not a t  high Reynolds numbers. 



fur ther  external driving. Mathematically t h i s  is usually reflected in  

t h e  fact  that  t h e  equations of motion may be written in  Hamiltonian fom,  

with t h e  consequent conservation of energy and phase space volume. Amon@: 

numerous examples, let  u s  note 

a. the  Newtonian two-body problem 

b. the  motion of a f i n i t e  number of f r i c t ion less  and perfect ly  

e l a s t i c  b i l l i a r d  b a l l s  on a rectangular table.  

These examples i l l u s t r a t e  t h e  dis t inct ion between s table  and unstable 

systems. The N&onian two-body system i s  s t ab le  in  t h e  sense t h a t  the  

e f fec t s  of small perturbations of t h e  i n i t i a l  conditions grow slowly i f  

a t  a l l  and hence t h a t  long-term predictions about the  s t a t e  of t h e  system 

are possible on the  basis  of approximate information about t h e  i n i t i a l  

s t a t e .  In the  b i l l i a r d  system, on t h e  other hand, even very small changes 

in  the  initial s t a t e  are  soon amplified so t h a t  they have large effects .  

I f  t h e  system i s  s t a r ted  out repeatedly, in almost but not exactly t h e  

same way, t h e  long-term h i s to r ies  w i l l  almost cer ta inly  be t o t a l l y  

dif ferent .  In  t h i s  sense, although the  motion is  s t r i c t l y  speaking 

deterministic, it is  from a pract ical  point of view effectively random; 

t h e  coarse features of t h e  s t a t e  of t h e  system a t  large times depend on 

unobservably f ine  de ta i l s  of t h e  s t a t e  a t  time zero. 

Consider next diss ipat ive systems. Intui t ively ,  these have some 

s o r t  of f r i c t iona l  mechanism which tends t o  damp out motion and must 

therefore be driven by external forces i f  they are  not simply t o  stop. 

A mathematical t ranscr ipt ion of t h i s  notion which i s  as general as t h e  

corresgondence "conservative r ~amiltonian" does not seem t o  ex i s t ,  but 

it is ,-ruerally not d i f f i c u l t  t o  agree on whether a given dynamical 

system i s  dissipative o r  not. We w i l l  consider systems driven ~ time- 


