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PREMESSA 

Le onde superficiali elettromagnet1che, pur essendo 

note da lungo tempo, hanno acquistato negli ultimi anni un'im­

portanza notevole in un gran numero di applicazioni. 

La lora teoria presenta problemi matematici di alto 

interesse. Non di rado si presentano anche curiose e dibattu­

tissime difficolta riguardo all'interpretazione fisica dei ri­

sultati matematici. 

L'abbondante fioritura di studi sulle on de superficia­

Ii che si e avuta recentemente, si trova purtroppo sparsa nei 

periodici piu disparati e riflette punti di vista molto diversi. 

Era sentitissimo il bisogno di una introduzione e di una messa 

a punta d'insieme per col oro che s1 vogliono dedicare all'argo­

mento. 

A questo scopo ha voluto rispondere il corso organiz­

zato a Varenna dal Centro Internazionale Matematico Estivo dal 

3 al 12 settembre 1961. In questi appunti, compilati dagli auto­

ri, sono condensate le lezioni del corso, che ebbe grande succes­

so e fu accompagnato da molte interessanti discussioni. 

Come coordinatore del corso tengo a ringraziare tutti 

gl'insegnanti che hanno portato il lora contributo e si sono 

sobbarcati alla fatica di mettere per iscritto le loro lezioni. 

Voglio anche rivolgere a nome di tutti gli studiosi della mate­

ria un vivo ringraziamento al C.I.M.E. ed in particolare al Di­

rettore Prof. E.Bompiani ed al Segretario Prof. R.Conti per a­

ver resa possibile la realizzazione del corso in modo cosl feli­

ce e proficuo. 

Sono sicuro che queste lezioni rappresenteranno un 
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contributo utilissimo alIa letteratura internazionale au questo 

ramo della matematica applicata. 

G. Toraldo di Francia 
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( C.I.M.E. ) 

C. lI. ANGULO 
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THE EIOITAflOI 01 A GROUNDED DIELECTRIO SLAB 

BY A WAVEGUIDE. 
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A DISCON!INUITY PROBLEM 01 SURPACE WAVES I 

The excitation of a grounded dielectrio slab 

by a waveguide • 

C. M. ANGULO 
t) 

InsUtute tor Defensl .Analyses, Washington D.C. 

Introduction 

The preseat discussion illustrates the solution of 

one d1scontinuity problem associated with the excitation ot sur­

tace waves. The concepts developed in previous lectures by z.­
eker and Pelsen are used repetedl, throughdui the discussion. 0-

ne important POint to emphasUe is the usefullnesa ot the modal 

dnalys1s method whioh enables us to set up immediatel, the trans­

tor.m eqU8tio~to apply the Wiener-Hopf teohnique. 

~8 problem is illustrated in figure 1 • The input e­

nerQ 1s contB1Md in the dominant TM (BY = 0) mode of the par­

tially tilled waveguide propagating from y = + DC to 1 = O. The 

dimensions of the guide and the thickness of the slab are restri­

cted to the range tor which only one surface wave (the lowest)1) 

exists along the slab and only one mode (the dominant D) can pro­

pagate inside the partially filled waveguide. !hese oonditions 
are 2) I 

+) 

-1/2 
ICd ell" (t ) 

-1/2 1/2} Xh ( arc tan t -( £ ) tan ~ ~) Id] 
-1/2 1/2} o (arc tan ~ -U. ) tan n f.) Id] < 11" 

( 1a) 

( 1'b) 

(10) 

On leave ot absence from ~row.n Uniyersity. Providenoe R.I. 
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a. 

.1..= 0 a,.-

b 

Fig. 1 

C.M.Angul.o 
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... J -

1/2 
where I = W (u f) 1 £ te the Hlattft permi tU vi V, d is 

I 0 0 

the thiemesa of the 41eleetrie, and 4 + h is the height ot the 

parallel plate waveguide as tnd1aate4 tn Jig.1ea). 

Beoauae of the discan11nu1tJ n 1 = O'll1lUe Ct ~lIer 

pla1e 18 tmD1nate4, the enero inc:14ent l3.Poa tba disooat1nu1tl 

Ifill b8 parU, retlecrt~ baCk h1 to the • .,egaa1de t pU11, vanami t­

teel to the S1U'faee wave in the grounded dieleotrie slab and .,..,.. 

tll radiated. We are interested in tinding the three ponl' raUoe 

tv Utferent "fal:q.ls ot Xd an4 IDl. 

aiDae 'he struotuPe shown iD r1g.1(a) 40.8 aot .ar.J in 

the X direction and the inc1dent wave is ~ lowe •• fJ4 moOe ta 

the part1al17 tilled waveguide, all the tields excited 11111 be 

independent of x and will have E = H = B = o. % ., z. 
the stl"GC1ul"e shown in lig. tea) is regarded mathemati-

cally as a homogeneous pa.raJ.lel plate air waveSQide (wUh tr&llt 

at '1 = ! OQ ) 8Dd edending from z I: 0 to 8 = • IX) ommee"ted to 

a homogeneous parallel plate waveguide of length d I tilled with 

Uelectric ot relative permittivity E '(also witil1Pell& at 

'1 = ! 00 ) and terminated by an eleotl"1c wall at I = ,. Ilia1d' 

the first waveguide "there is an 0 b staele, a eemi-int1ni t.e perfec­

tly conducting plane, placed at z = h from y = 0 to y = + 00. 

l:lg.1(b) illustrates the above description. :8y remOYlAe 1ihe 

7 = cons1. walls ~o inf1nity, the structure ot lig.1(a) is ob­

tain.A. 

!he modal analysiS ot a parallel plate wavlBQ1de with 

walla at 1ntini"tJ represents the tl'8.nsversal fields (E, and ~t 
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in our case) in terms of their Fourier transforms in the cross­

section (variable y, in our case). In the successive sections 

we shall proceed as follows I 

1) The equation relating the Fourier transforms of the 

fields at the semi-infinite obstacle will be derived by the modal 

analysis method. 

2) The Wiener-Hopf technique will be applied to the so· 

lution of the equation obtained, and the exact fields will be ex­

pressed as the results of integrations in the complex plane. 3-5) 

3) These integrals will be evaluated only at points 

far away from the discontinuity. The avaluation will be carried 

out by analJZing the relationship between the singularities of 

the integrands and the analyt1c2.l forms of the far fields, which 

are known. In fact, for y « 0 the principal contrib~tion on the 

surface of the slab must be the principal surface wave propaga­

ting along a grounded dielectric slab, and foZ' y »0 and z < h 

the fields must be those of the dominant mode in a parallel pla­

te waveguide partially filled with dielectric. 
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!HI BQUAUOI lOR mE IOURIB fRAlSJeiIB 0' 

tHE lIILDB At PLANE z = 11 

fe fust separate .\ and X, into the inaic1lnt ad Mat­

t,rea. t1el4s; in a second step, we t1nd the express10ns t ... tlle 

JDa1te~ traDsform8 of the scattered tlel.s tor • { h ani • > 'f 
BDCl t1DallJ .e match tile boundary conditions at JI ..: h 1D te1'l1l 

ot the Jo~le~ transfor.ms. 

La' 118 npresent the fields ever'11l'h.N as t 

II = II + tJfl' 
% 0% dV% 

(2&) 

)=1 +{£!. 
'I 0., U1 

where I azul! Br8 the COlIl'nOl1ents of the dominant Bt mode wi 07 '0% 'I' 

the parUalll t1lled parallel waveguide 8Z14 C1fI1 and ~ are ~x ., 
the ioattere4 tielda, lor - d < Z < h we have 

{
eOSh [I(Z-hrS~ cos [K(Z+d)~ } 

B • u(z) +. u(-z) l( 
ax eosh(lhs') cos(Idr') 

(Ja) 

y. exp [:I( 1 + a '2) 1/21] 

Kat tauh(lhs') \ einh [1(z-h.)IJ~ 
I III -, ' u(z) -

07 W ~ ~o s1nh(lhs' ) 

s111 lI(z+4)rj 1 ~ 2 1/2 ] - ' u( .. z) exp lIe 1+8 1 ) 1. 
sin(Idr' ) 

(3b) 

Por h (z we have 
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B = 0 • oy 

O.M.Angalo 

(0) 

(3d) 

!be time dependence is taken as e~. 

fbe funct10n u{z) represents Heav1side's unit step tuDc-

t10n, zero for negative argQme~t and one tor positive arguments. 

!he quantit1es rl and s' are the modulus of the wave numbers ill 

the OZ d1r •• t1on in the dielectric and in the air resp.ct1TelJ 

normal1zed with respect to I for the incident modt. !he, are th. 

solutions ot the following equations 

'2 t2 
r + s = E - 1 (48) 

st tan (Idr') 
t - = 

r' tanh (Khs') 
(4b) 

W. will find below the quant1ty s similar to s'.s re-

presents the modulus of the wavenumber in the OZ direotion, in 

the a1r. normalized with respect to I tor the lowest !M surfao. 

wave in a grounded dieleotrio slab. 

!he soattered fields can be represented by their lou-

rier transforms I 

1 /~ -l'\1 
'1Cx (y,z) = (21T') 1/2 I( 1'z), d, (5a) 

.;0 

-1 r~ l'V 
L%y(Y,z) == (2'h') 1/2 V( 1'z),- ., (5b) 

-00 

1 
+OC' 

1(, ,z) = 1)a j'(. ('t.)' 3, ',., (s.) 
(21T ) 

'1IQ 

-1 
v( 1 fl) = (21T') 1/2 

-too 3'11 J ty (1 •• ), d, (54) 

-oil 
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JIanll l 8 .quaUons "qui" that the transforms be so­

lutions of the ~lmiss1oD lint equations I 

( 6&) 

4%( "\ t.) } 
.. • - ~ ~tv( 1'.) C6'b) 

for I > h a4 for Ja > I ) -4. 

III the au. 

(60) 

1 
T 11- II 

a Z. 

IZl th' 41111atl'1e 

f t 2 2 1/2 
'? • '1.. (~t. - '1. ) ('-) 

, 2 2 "1/2 
I. • T II fJ) Eo f (X t. - "l ) . 

4 

(6t) 

If we NOall '11.1 t "e ... tJult thl "l_Uou tor , 

ID4 I osa be written 1mme41attl, from the th.or,r of tl'lDsm1881aa 

ltD.. for th, two re,ian. I ) h 8D4 I < h • aa tollow. I rOI' z)h. 

V(l'.) • V(~, h+)exp ~-~ ~"('''h)} (1a) 

IC't.) II T.V(" ,h)eq {-3 ~a('-h)} • (n) 

lol'h)I>O, 
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V(~ ,Z) = V( ~ ,hJ cos ~a (z-h) '-

-jZaI (, ,h_) sin ~a (z-h) (8a) 

1(1 ,Z) = I(~,h)COS ~a(Z"h) -

-jY V( IYl ,h )sin f. (z-h) (8b) 
a l - Ja 

l:lnally, for 0 > z > -d, 

where 

Vc" ,z) = [V(' ,hJoos ~ah + jZaI(~ ,h.) sin ~ahJ. 

sin ~dCz + d) 
• (8e) 

I("z) = [IC"h)COS ~ah+ jYaV("h)Sin Sah]. 

oos ~d(Z + d) 
(8d) 

COB ~dd 

~ tan( ~ h) tan ( I~ d) - f 
I(, ,h) = -jYaV( ~ ,hJ £ a d '->e.. (8e) i' tan( ~dd) + (a tan( (ah) 

!he relationship between the Talues of V and I at z = h_ 

,and at z = h+ are obtained from the boundary conditions of t x 

and t at z = h. Let us first define the following new quant1-
y 

ties I JDD 
V+(1,h) = -11/2 ~ (y, h)e3,1dy (9&,) 

(21t) 0 y 

V-('Yl.h) = -1 J~y(Y' h)e311dy (9b) 
l (2fl')1/2 

-~ 
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~ + (III .h) = 1 / if'l'x (1.h.)- tz(1.h..il.~1 d1 (go) 
d l (21/) 1 2 0 

cy -( I)) ,h) = 1 / f· [~X(1,h+)- tX(lth_~ e3l rdY (9d) 
d L (210' 2 

';'IPQ 

It is obvious that 

and 

I(, ,h+) - I('th) = 1+(1'.) + ~"('~h). 
!wo oonstants will appear ver,r otten in the equat10ns 

below, so tor oonvenienoe we will "pre sea' tham as tollows : 

2 1/2 
a, = (1 + s ) 

2 1/2 a2 = (1 + s· ) 

!rom the remaining boundarr oonditious at z = hi we 

obtain the tollowiDg resalts I 

~ = 0 
'1 

tor , ) 0 , ( 11$) 

theretore 

+ 
V C'1,h) = 0 • ( 11b) 

and 

(12a) 

(12b) 
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provided !mag "I < Imag (-Ka2)· 

Therefore, all the boundary conditions at z = h are sa-

tisfied if 2 2 2 
2 (J £ (K 8 1 - ~ ) 

'1+ ( 'YI ,h) = 0/ G( I',dv - ('" ,h) 
d I 221 2 2 2 2 I I 

(K - ~) (K a2 - ~ ) 

sech(Xhs') 
+ ~ (13a) 

(21t ) 1/2 (, + Ka2) 

where 

(Ub) 

!he qU$ntUy s is the modulus of the wavenumber in the 

OZ direction in the air normalized with respect to K for the lo­

west TM surface waYe in the grounded dielectric slab. 

A study of the behavior of the funotions in (13a) per-

mits us to apply the Wiener-Hopf technique and Bolve for j + 

and V • 
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!HE SOLUTIOlf OJ THE EQUA!lION 

FOR THE !HANSJ.POHMS 

61+ -The behavior ot d ( -'1. ,h) and , (" ,h) in the oomp1ex 

~ plane is determined by the asymptotio behavior ot lOx and 

~ ae well as by the singularit1es of the tranafor.me. Iernel 

-2 2 2 
2 l.J ~o (:r a1 - , ) 

G(trl) • -(14) 
(12 _ ,2) 1/2(x:2 a~ _ ~ 2) l 

We w111 come back later to (14). Let us prooeed now 

with a physioal derivation of the dominant terms of the far fields. 

In our problem we oan obta1n all of the excited fields 

from the x oomponent of the magnetio fiel4. The problem m&1 be 

compared with the two-dimensional field excited along a grounded 

dieleotric slab by a magnetic line souroe along the ax ax1s. It 

- 1'(' /2 < f 0 ( 0 and f is very large t we w11l not be able to no­

tioe anT difference between a magnetio line and a ter.m1nated pa­

rallel plate waveguide propagating.the lowest E mode. Therefore, 

the natura of the solution for both problems 1s the same tor that 

reston ot space. Howevel', as , increases, the angular dependen-
o 

oe w11l be different for the two problems. 

In the case of the magnetio line, we would have only the 

surface WB'f'e for - ~ ~ - 'iT' /2, all other terms being of order 
-J/2 0 f or lower. As f 0 inoreases, the SUl'i"ace-wave contribution 

beoomes negligible and the dominant term varies like f-1/ 2 (al­

ways for large r)' Pinal1y r when f 0 grows to 1f /2, the f -1/2 
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-312 terms are not present and we have only terms of order f or 

lower and the surfaoe wave. 

For a grounded dielectric slab excited by a parallel 

plate waveguide, we will have also the surface wave and terms of 

order r-3/ 2 and lower if f ~ - If/2. As 11 inoreases, the 
o Yo. 

surfaOI wave contribution beoomes negligible and the dominant term 

varies like f -1/2. Finally. when f 0 increases to 1f' /2, the 

fields rill go to zero as r-3/ 2 at least and the surface wave 

will not reappear if we remain outsi~e the waveguide. 

It is therefore justified to write the form of the far 

fields for K f » 1 and 'IT /2 ~ ~ 0 ~ - 1(/2 as follows I 

6h- e -jKP [Cos l Kr(Z+d~ 
H = Ie, = g( J } ~ cos J. + C u(-z) + 
x x Yo rl/~ fo cos (Ird) 

+ .-IsZU(Z)] 4" (~o) • .xp (jKyal) (158) 

E = ~ = _ (~) 1/2 g(,h) e -jKf cos Ih 
y y \ ~o ; 0 f1/2 T 0 

+ jsC (~) 1/2 [Sin IKr(z+d~ u(-z) + 
\ to sin(Krd)' 

+ e-KS1u(z) ] Cp( fo) exp (jKya1) 

Cf ( ~o) = 0 if ~) - arc tan (81 - 0) 

~ ( ;0) = 1 it +- ( -arc tan (a1 - s) 

(15b) 

(150) 

(15d) 

The transmission coeffi.ient to the surface wave is re-
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presented by C. The new quantities f 0 and p are the usual or 

lindrieal ooordinates illustrated in lig.1(a) : I' is the norma­

lized wavenumber in the dielectric in the OZ direction for the 

lowest ~ surface wave in the grounded dieleotric slab. linally 

g( ~ 0) is a funotion of the observation angle ~ 0 • 

Inside the partially filled parallel platewavegU1de 

and far ... y from tht d18cont1n~t1. we haYs aaly the inoident 

and reflee"d wsre assooi_ted with the only propagating mod •• 

!l!herefore , 

~x = BHox exp \ -~2X1a2} 

for X1 »1 and -d < I t.. h J 

~ = - BEoy exp { - 3~21 
for X1 ») 1 and -d < z ( h • 

(16a) 

( 1Gb) 

B is the reflection coefficient. The quantities K , Xa1 and 182 
mast have small negative imaginarr parts for dissipative media. 

Prom a detailed examination of the singularities and ze­

ros of (14) and from the asymptotic expression of the tields gi­

ven in (15) and (16) t it follows that V {l"h) is analytio in the 

lower half of the 'l plane for Imag '1 < Imag (-181) and its sin­

gularities are a branch point at 1. = - K and a simple pole at 

" = - 181, 
It also follows that ~ + ( "h) is analytio in the up-

per halt of the , plane :for !mag, > !mag (182) and its singu­

larities are a branch point at , = K t a Simple pole at 1 = Xa2, 
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and a countable infinite number of poles on the negative imagi-

BB.!'YaD.S, = -jl~\ (-,. 
In a slightly dissipative medium, r, ,. and G(1) a­

re analytic in a common narrow strip of width 2wd along the 

real axis, where 

o < w d < \ Imag K \ (17a) 

o < wd < [Imag (Ka2)[ (17b) 

o < wd (" \Imag (Ka1)\ • (17c) 

The regions where \~r and V- are analytic, their sin­

gularities relevant to the integration, the overlapping strip 

and the branch cuts, are shown in Fig.2. We restrict ourselves 

to remain on the Riemann sheet where 

We now decompose the function G: 

( 18a) 

where 

(18b) 

(!II) ~: ijhi\ are the roots of 

! tanLh«(2_f) 1/2J + (12;- ~:) :~: tan~(2£_ ~2) 1/2dJ ~ 0 
t(K - ~ ) 

encluding 1 = ±,Ka2• 
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is analytic for 

and 

Fig.2 - The i-Plane 
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Substituting (18a) into (13a) we can now group the tens 

with the same regions of regularity, as follows: 

1+ (K - ~ )1/2 (~ - K(2) exp t r+(ft) )1 
( ttl ,h) X 

[ ~ - Ka1 

-'2 sech(Khs') X (K - ~ )" ('\ - Ka2) 

('1 + Ka2) ('- K(1) 

2 seeh(Khs') (K + Ka )1/2 a2 
X 2 X ,+ Ka2 

The last terms on each side of. the previo~s eq"wation a­

re identical. They have been added in orde~ to &liminate the .po1e 

at ~. = - Ka2 ot the left hand side of the equation. 

The asymptotio behavior M .. 00 of the unknown functions 
0/+ - 'l 
d and V in their respective regions of regularity is given 

by the behavior of the unknown field around the edge 6). The phy­

sical requirement that the field scattered by the edge must have 

a finite amount of energy requires; 

and 

as tn -? 00 in the region of regular 1 ty. These conditions are iden-
\ 7) 

tical to those for the scattering of a plane wave by half a plane. 
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We can now proceed with the customary reasoning of the Wiener-Hopf 

technique. The left ~d side of the above equation is analytiC 

in the upper half of the 1 plane includin~ the narrow strip 

i \ 1msg ~ I <. wd and the right hand side 18 analytiC in the lo­

wer halt including the narrow strip. Therefore, they must be ana­

lytiC oontinuation of each other representing an entire function 

of , • l\lrthermore, both ~1des approach zero as 1 approaches 

infinity. Thus, the entire function is zero. Equating both sides 

_ j sech (Kha') 
---------------- X 
IVto(2'IT)1/2('1 + Ka1) 

( 19b) 

(1 + ') 1/2 82(K'" Ka2) 1/2 

x ------------------- exp 
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CALCULATION 0]' THE FAR ]'mDS 

The ·voltaB8· is now known for z = hi since 

(20a) 

As for the ·current" transform, we recall (7b) for 

z = h : 

(20b) 

Therefore I(~, h+) is known. Moreover, (10b), (12b) 

and (199,) yield I( ~, h_J, once I( 1. I h+) has been found. There­

fore, I(~, h+> and I(~, h_> are now both known. 

The knowledge of V and I for z = h gives us the expres­

sions for V and I anrwhere, as indicated in (7) and (8). 

]'inally, the inversion of V and I by (5) yields the e­

xact expressions for the fields everywhere. 

However, this solution everywhere is only formal, sin­

ce the inversion of the transforms is practically impossible, Ne­

vertheless, we can obtain all the information that we want by car­

rying out the inversion for the far fields at points of observa­

tion for which the method of steepest descents is easier/to apply, 

and comparing the results with (15) and (16). In this way we-can 

obtain the expressions for the coefficients B, C and g( ~o) which 

give us the complete knowledge of the far fields. 

The inverse transforms of special interest to us are : 

f
toO = ~y(y, h) = -1 V-(~, h)e-;1'Yd4'j (21a) 

(21l')1/2 ( l 
-00 
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for z = h, Y < 0 ~ 

llx(Y, h+) - Hx(Y' h_) + Hox(y, il) = %%(y, At) - 1o%(y. hJ :0: 

jtoo[ ~ steh (!hs') ] -3't\ Y = T(, ,h) - e I d, (21b) 
(210 1/ 2 _,p (21r) 1/2( ., + Ka2) 

for ,. = h, Y > 0; ud +1'0 

Ey(Y,Z) = ~y(y •• ):o: -1 {V-(II')'h).-~'Yexp'--jtx2_,2,1/2(Z-h)ld1\ 
(211')1/2 ( \ 1 I 

-00 (210) 

for z) h. 

The path of integration is indioated 1a lig.l. 

!he 1Dtesrala are evaluated for the far fields by the 

method of steepest desoents for the limiting oase of zero diss1-, 
pat1on. Jor convenience these integrat1onse,re not carried out 

• 
in the " plane but in a new » plant. !he coordinates are also 

changed from oartesian to polar coordinates, as illustrated in 

lig.1(a). 

2 2 1/2 
(X - ttt) = X cos )) (22a) 

I - h = ~ cos f c • (22b) 

With thi8 change, thl integrala (21) beoome 

E (y, h) = "'X , f ,-(X sin )I ,h) .exp { -jX f cos( ~ +-:i )} POSI~ dll 

'1 (2 I ) 1/2 A (23a) 
for z = h, '1 ( 0 , 
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BX(y,. h+) - HX(y,h_) + Hox(y,h.) = 

= (2;) 1/2 Jr t(K ainll ,h) - l K(2 ,r::;:(:::) .. J X 

" X cos j up { - K f j cos(» -~)} d 1 (23b) 

for z = h, y ) 0 ; and 

for z > h • 

J V - (K sin » , h) X 

" 
Y.. exp { -jK f cos()l - ~o)J cos~ d).l 

The path of integration is shown in Pig.3. 

Fig.) - The ~ -plane 

(23c) 
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The saddle point for (23a) is otviously at ~ = - ~ /2, 

and the steepest descent path is the path r1 in Fig.). The in­

tegration indioated in. (23a) is carried out along the path r1 

and not along the path ". The result is equal to 2 11";1 times 

the residue of the integrand at the pole sin )} = - a1 plus the 

asymptotic series obtained from the steepest descent integration. 

However, because of the factor cos)) , the ~ -1/2 order oontri­

bution of the expansion is zero since cos (-~ /2) = O. fherefo­

re, if we neglect terms of order f-1I2 or lower we can write 

for large ~. (i.e., Y« 0) 

1/2 ;1Kaf Y { _} 
Ey(y,h) = - (21t);1e lim 1 (~ + K(1) V (~,h) • 

,~ - Ka1 
(24a) 

This represents the surface wave excited along the groun-

ded slab. 

If we evaluate (15b) for the given obse~ation point 

z=h ;0=- ~ 

y « 0 ~ very large t 

we obtain 

(24b) 

Equating the right hand members (24), one obtains I 

O ___ (21T) 1/2 (_£0 )1/2 I _ } Ksh 
lim l{~ + Ka1)V (' ,h) e 

s fo ~~-Ka1 
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The evaluation of t~e limit yields finally: 
a (1 - a )1/2(1 + a )1/2 

2 1 2, 
C = j X sech (Khs') X 

s(a1 + a2) 

y. exp 1 Khs + 'f (-Ka.2) - t -(-Ka1) } • (25a) 

The saddle point for (23b) is at Y = 1i /2 and the 

steepest descent path is r in Fig.). The residues at the poles 
2 

on the imaginary axis of the 'j plane decay exponentially with an 

increasing positive y and are negligible for Ky » 1. These poles 

correspond to the non-propagating o~dinery modes in the parallel 

plate waveguide with the dielectric slab, and we expected a negli­

gible contribution for r~ »1. The asym)totic expansion does not 

contain a term of order ~ -1/2 for identical reasons thttt the 

integral discussed in the previot'.s parag-.£'aph did not. The o.omi­

nant contribution to the integral (23b) i8 the~efore 

)< lim {(' - Ka2) [1 ('Il' h) _ j .'ch~'lh.i) ]}. (26a) 
, ..., Ka2 l (2 11' ) 1 2 (~ + Ka.2 ) 

where only terms of order J-3/ 2 or lower have been neglected and 

Ky »)1. The expression (26a) clearly represents the reflected sur­

face wave in the parallel plate waveguide evaluated at the upper 

plate. 

If we evaluate (15a) and (16a) at the point of observa-

t10n 


