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THE SlNTHETIC llPROACH TO PINSLER SPACES IN THE LARGE 

1. INTRODUCTION. CURVES AND SEGKENTS. 

The geodesics of a Riemann space can be obtained as 

curves which are locally shortest connections or as the auto­

parallel curves of the distinguished affine connexion of Levl­

Clvita. Parallel displacement along a curvs maps the 100al geo­

metry at ODS point of the curve isometrically on that at another. 

Dlrec~ extension of the second method to linsler spa­

ces where the line element has the form 

de =. F(x\ • • Of xU, dl:: \ • • ., dx
D) = 1(x, dx) 

and '(x, dx) satisfies certain standard conditions, is impossi­

ble because the local geometry of a Finsler space 1s Minkowskian 

and two n-dimensional Minkowski spaces are in general Dot isome­

tric. 

Nevertheless , generalizations of parallel displacement 

have played 8 major role in the theory of Finsler spaces in two 

different approaohes. The space may be considered as a set of 

line elements rather than points to which local euclidean geo­

metries are attached . Since this will be the topic of Profe ssor 

Davies' lectures I will not dwell on it here. 

The second approach is to consider the apace as a 

point, hence 100al11 Minkowskian space and to faoe the concomi­

tant analytical difficulties as well as imperfection inherent 
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to any concept of parallel d1splacement 

H.Busemann 

in 11naler spaces. !his 
I) 

1s the topic of Professor Wagnerls lectures. 

Thirdly, ODe may start from the definit10n of geodesic 

as a locally shortest join and avoid the analyt1cal compllcations 

by not us1n& analysis. AlthoU&h this Se8lllB to contradict the ve­

ry name -differential geometry- synthetic arguments partlr topo­

logical and partly similar to those of euclidean geometry haTe 

proved Tery successful in particular when dealing with problems 

in the large. !hese lectures will give an introduction to the 

field. lor simplicity we restriot ourselves to the case of symme­

tric distance. (p(x, dx) = p(x, -dx», but much cf the material 

can and has been extended to the non-symmetric case, see Busemann 

[11 and Zaustinsky [I] • 

Proofs are expected in these cycles. Some proofs in the 

present theorr are long and the technicalities are uninteresting. 

In particular at the beg'nnjnB, proofs become necessary only be­

cause the axioms are chosen as weak as possible, whereas all con­

sequences ot the axioms would h~e to be postulated, if they were 

not contained in the axioms. Doubts have been expressed regarding 

the power of synthetic methods in differential geometry. !he only 

way ot combatting the doubts is to exhibit the efficiency ot these 

methods in many different areas. We therefore will outline the 

proots only in those cases where they elucidate the reason for the 

superiority ot geomet~lc arguments. 

1) 
Readers who should see these notes without those of Professors 

DaVies and Waener are reterred ~c Cartan [1] and Rund [IJ • 
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We are interested in the intrinsic geometry in the lar­

ge of complete rineler spaces, and our method is axiomatic. The 

distance is for us not the infinitesimal distance given by a line 

element, but the finite intrinsic distance of two points in the ma­

nifold. Therefore our first axi~ is : 

I. The space, R, is metric. 

!he distance of two points x,l is denoted by xy and sa­

tisties the standard conditions xx = a, xy = yx > 0 for x ~ y and 

xy+yz~O. 

A curve x( t), 0( < t <: ~ 1s a continuous map of the in­

terval [0(, J J in R • Ite length i. defined in the natural way. 

if D
t 

: 

we put 

and 

0( = \ < t1 < ... < \ = J3 i •• partition of [o(,JJ 

L(x, D
t

) = { /X(t
H

)-X(t
1
)[ 

L(x) = L! (x) = sup L(x, D
t
). Notice L(x) ~ x(O< )x(jl). 

Dt 

It II Dt I = ",£P 1\ - t i _11 then the usual theorem 

L(x, D ) ~ L(x) for ;n ~ ~ 0 holds, see G , p.19 (G refers he-
t t 

re and elsewhere to Busemann [2J ). An important implication of 

this fact is the additivity of arcleDgth 

n 

L 
i=l 

ti ~ 
L (x) = L~ (x) 

t 
i-1 

for any partition D
t 

• 

Moreover, length is lower semicontinuous (G p.20) If 

))= 0, 1, 2, ••• are curves and 
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( 1.1) 

rhe curve x(t) is rectifiable if L(x) 1s finite. We 

oan then introduce the arclength as parameter: yes), 0" s< L(x), 
t 

1s the point x( t) for which 8 = L (x). A class of rectifiable cur-
o 

ves x(t) whose representations yes) in terms of arclength are i-

dentical 1s a geometrio (rectifiable) curve C. The elements of 

the class are the parametrizat!ons of C and the properties com­

mon to all parametrizations of C are the properties of C (initial 

point, end point, length are examples). 

There are many important theorems for which a freedom 

in the choice of the parameter and hence the concept of geometric 

curve rather than parametrized curve is essential. ~he most im­

portant is this : We call a subset M of a metric space finitely 

compact if every bounded infinite set in M has an accumulation 

point in M , that is, if M satisfies the Bolzano-Weierstrass Theo­

rem.Then the following selection theorem (G p.24) holds which is 

fundamental for much of the present theory, although we will not 

always mention the theorem explicitly. 

(1.2) If M is a finitely compact subset of a metric apace and 

C1, C2, ••• are geometric curves in R with L(C), )" J and whose 

initial points form a bounded sequence. then a suitable subaequen-

tends unifo;mlx to a geometric curve C 

L(O) '" llJll in! L(O, ) 
n 

The theorem means that parametrlzationa xn(t) of Cv 
n 
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and x{i) ot c, o(~ t ~ J t exist such that %:a.(t) tends unifor­

mly to x(t). 

A curve x(t). 0( " t '" J • satisfying L(x) : .(0( )x(J ) 

1s a shortest curre from %(0() = a to x( 5') = b and 1s oalled a 

seBF8nt f(a, b) from a to b. If we want to specify that the se-
> gment 1s oriented from a towards b we use the notation T (a f b). 

If y(s) represents f(a, b) in terms of arclength, then for 

O~ 8
1
< 8

2
::fab=..? 

ab-,,-y(O)y("1) > y("1) > Y("2)y(J)<s 

" < L 1 
, 0 

(y) > L"2(y) > Lfl (y) : L'(>(y) = ab 
8, 8, 0 

henoe 1(8,)1(82) = 82 - 81, 80 that every subarc of a segment 1s 

a segment and 1(S)~ s maps the se~ent isometrically on a segment 

of the real axis, whence the name. Jllowtng a shift of the origin 

we call representation of a T(a, b) curve z(t) with 

-<~t"Jl : 0(> ab. z(o<): a. z(n: b and 

(1 .3 ) z(t1)z(t2) :lt1 - t 2 /. 0<"t1~Jl · 

Let (xyz) indicate that x #- y, '1 p z and x1 + yz = xz. 

~.n 

( 1.4 ) (wxy) and (wyx) imply (xyz) and (nz) 

lor 
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(Rotice that (wxy) and (xyz ) do not imply (wyz ) or (wxz». 

The toll owing trivial remark 1s often useful : 

(1.5) If (xyz) ~ T1 = T(x,y) ~ T2 = T(y,z) exist. then T1 U T2 

1s a l'(x ,z). 

~ segment connecting two given points w11l 1D general not 

exist. fo insure their existence we add two axioms: 

II the space 1s finitely compact. 

III lor a;r two distinot pO~t9 X, Z a point 1 wIth (Xlz) exists. 

It 1s easl11 seen that a segment !(x,y) exists tor &nl 

two points %,1 ( G p. 29) . Finite compactness 1s much stronger than 

would be necessary tor the existence of segments. However, I w111 

insure in conjunction with the remaining two uioms that the space 

has those properties of finite dimensional spaces which are neces­

sary to obtain differential geometric results, whether the axloae 

aotually imply finite dimens ionalIty is not known. 

2. GEODESICS. 

A geodesic is a locally isometric map ot the entire real 

axis into the space R • This means that it can be represented in 

the form x (t), - 00 < t < 00 and that for each real to a posit1-

Te £(t ) exists such that 
o 

This trivially (G p.32) implies that t is arclength 
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t2 
Lt1 (x) = t2 - t1 for anT t1 < t2 

%(10) and yet) represent the same geodesic if £ = + 1 and & real 

~ exist such that 

1(t) = x( S t + J) for all t • 

Jrequently we w111 oonsider oriented geodesics. Then 110 1s under­

stood that in a representation %(10) increasing t corresponds to 

traversal in the positive sense. A second representation yet} of 

the oriented geodesio hos the form 1(t) = x(t + J ). 
A geodesic is a straight line it 110 is an isometric ima­

ge in the large of the real axis, i ••• x(t
1
)x(t2) = I t1 - t21 

holds tor any 10 1, 1;2" 

A compact convex subset of a euclidean space satisfies 

axioms I, II, III but geodesics do not exist. We must have an axl0. 

of prolongabl11ty. fo inolude the usual Objects of differential geo­

metry the axiom must be a l ocal requirement. We denote the open sphe­

!!. with radius f ') 0 about & point, i.e. the set of points x with 

px < r ,by S(», !). The triangle inequal1t1u.»l1e. that 

(2.1 ) S(», f ) :> S(q, J - pq) if f > W • 

We can then formulate our axlom as follows : 

IV. lor each point p there is a positive fp such that for any two 

distinct points %,1 in S(p, fp) a point z with (%yz) exists. 

The function fp may be erratic, however then IV implies 

the existence of a well behaved function satisfying the axiom. lor 

put 

y(p) = sup J »' where y p satisfies IV for fiXed p • 
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Then either rep) = 00 , which means that z with (xyz) exists tor 

any distinct x,1 and hence f (q) = 00 tor any q • 

( 2.2) 
or 0" J (p) ., 00 

r(q)1 s: pq • 

and 

The latter tollows at once from (2.1), G p.]3. 

fhe existence of geodesics means in ordinary differential 

geometry that every line element liea on a geodesic. This implies 

that a segment, or shortest geodesic join, can be extended to a 

geodesic, and for us this will mean existence of geo~eBlcst 

(G pp.34 , 35) 

(2.3) If Ax10ms Ito IVholdandx(t), O(<Gt"Jl, 0«]3 
represents a segment, then a geodesic yet) (- 00 < t < oP ) exists 

such that y(t) = x(t)!2!: "U t"J3 • 

It y(p):=: ()O lAm yet) may be chosen as 8 straight 11-

According to a recent observation of Szenthe [lJ it maT 

happen that yet) extending x(t) to a geodesiC exists which is not 

a straight line even when ..p(p).. ():l • 

Axioms I to IV do not contain any uniqueness properties 

tor segments or geodesics. The simplest example showing this is the 

(x1,x
2

)-Plane the metric 

xY= Ix
1

- y
1

/ + /x
2

- y
2
/. 

If Xl < Yl and x2 < Y2 then any curve z(t) = (zl(t), z2(t» from x 

to y for which both zl(t) and z2(t) are non-decreasing will be (but 
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Dot necessarily represent) a segment and monotone continuation w111 

provide straight lines. Our f1nal. axiom will therefore be a unique­

ness postulate. Observing that, in differential geometry, the shoI­

test geodesio join 1s not necessarily unique, but that its oontinua­

tion to a geodesic is, we require. 

Axiom V. 1! (xyz1)' (XYZ2) !!!! 1"1 - 1"2 ~ z1 = z2' 

The spaces saUsfying all :riT8 axioms are called G-spa­

C8S, the G alluding to geodesic. Unfortunately the word G-epace has 

lately also been used in a different sense, where the G alludes to 

group. In a G-space the extension of a proper segment to • geodesic 

1s unique. !herefor. t !! "p(p); 00 then all geodesiCS are straight 

lines and the space 1s called straight. !here are Jaal11 important 

straight spaces besides the euclidean and hyperbolic spaces. In the 

terminology of the calculus of Tariation all simple eonneeied spaees 

without conjugate points are straight. 

We do not postulate the loe&! uniqueness of T(x,y) because 

this important property is contained in the axioms. 

(2.4) 1! (xyz) ~ T(x,y) !!!! T(y,z) are unique. 

lor it two segments 1'1 t T2 from y to z existed then zi E. Ti 

with '1 ~ '2 and 1'1 = 1'2 would exist and satisfy (Xl'i) by (1.4) 

contradicting V. In particular 

(2.5) T(x,y) i8 unique for X,YE S(p, j'(p». 

Regarding the c(to) occurring in the definition of a 

geodesic it can easily be praTed (G p.38) that: 

(2.6) 1t x(t) represents & geodesic then it represents a segment 

!2!: It - to I '" J' (%(to»' 
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In the absence of d1fterentlabl11tr we de~1n. a lineal 

el •• ent at p as a segment with oenter p and length mine f(p)/2,1). 

!he multtpllcitl of a geodesic at a point (on the geodesio) 18 the 

oard1nal number of d1etinct lineal elements at p 17h1 on the geed.­

lie. (! lineal element represented tw1ce, hence infin1tel! otten, 

tor different t-intervals if • representation cOUDts onlr once). 

(2.1) The multiplicity of a geodesic at a point 1s finite or coun-

!!ll!.. 
lor in a representation %(t) of a geodesic different li­

Deal ele.ents at the same point correspond to disjoint intervals of 

the t-u18. J. similar simple argument showa (G p.H) 

(2.8) J. geodesic has an at most ~ountabl. nuaber of .ultlple poiats. 

Here .. e un the. usual terminolog1 to call a point IUl.U­

pIe it the multlplleltl 1s gr •• t.~ than 1, simple it it 18 one. !he 

geodesic i8 simple if all its pOints are simple. A atandard argu­

.ent (G p.45) .how. 

(Z.g) x(t) represents & staple geodesic it and onll if X(~1) = x(tZ) 

lo,11e. %(t
1 

+ t) = %(t
2 

+ t) for all t. 

Ie el1minated the zero-diaensional G-Ipacea &8 triTial and 

want to do the same tor one-dimensional spaces. A staple but moat u­

letul lemma is needed. 

(2.10) It %,1€S(P'j) lliAr(%,l)C S(p, 2J ). 
lor let. S !(X,y), rhen 

cd 1! n = _(n,..,.) then 
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pw..:s;px+n<2,j' • 

Strangely enough this crude estimate is the best possible 

even on the sphere; If p and w are antipodal points on a sphere of 

radius 21 choose x and y on the same great circle through p and .. 

nth ox = Pf = 'i"r+ £ to'::: E <: tiT' • Then T(x,,.) passes through w 

and p. = 'TT" • Whereas spheres are locally convex under the usual 88-

sumption for Pinaler spaces, they are not necessarily so even in 

straight G-spaces. 

A -great cirole of length )' • in a G-space is a geodesic 

isometric to a circle of length J3 
guished by 

Its representation is dlstin-

mill I t1 - t2 + V~ I . 
111/=0,1,2 

Straight lines and great circles contain with any two 

points x,1 & segment ~(Xtl) and this property is characteristic: 

(2.11) If a geodesic G contains with any two points X,I a sesment 

f(x,y}-then it 1s a straight line or a great circle. 

1irst we show that G is smple. If G contained two lineal 

elements L1, L2 at the same point p , let ai be an endpoint of Li " 

Sinc. pai "" J (p)/3 the segment T('1,a2) is unique (B.e (2.5» and 

lies therefore on G , moreover T(a
l

, a2) C S(p, J(p», hence 

T(p,x) is unique for x G T(a l ,a2) and lies on G , so that the mul­

tiplicity of G at p would not be countable. 

It x(t) r.presents G then by (2.9) x(t1) = x(t2) implies 

x(t1 + t) = x(t2 + t) for all t. If x(t1) ! x(t2) for t1 < t2 th.n 

the arc t1 ~ t ~ t2 is the only arc in G from x(t
l
) to x(t2) and 

therefore by hypotheSiS a segment or x(t l )x(t2) = I t1 - t 2 1. Or 
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there are two arcs on G from x(t
1
) to x(t2) and one of them must 

be a segment which leads to a great circle, for details see G p.46. 

This proof shows that G-space containing two distinct li­

nt elements L1, L2 at p has at least dimension 2 because U T(p,x) r 

x E 1'(&1 ' &2) is homeomorphic to • triangle. 

(2.12) A one-dimenslonal G-space is a straight line or a great air-

For, a point of the space is center of at most one lineal 

element, therefore all geodesics are simple and no two geodesics 

intersect . If two different geodesics G" G2 existed then tor 

Pi €. G
1 

a segment T(P1 ,P2) would lie on a geodesic intersection G, 

and G20 

Thus there is only one geodesic and this contains with a­

ny two points x,y a segment 1'(X,1) because the space has this proper­

ty. The assertion now follows trom (2.11 ) . 

Since zero- and one-dimenaional G-apaces are trivial we 

will often tacitly assume that the space baa dimension at least two. 

It can be proved that a two-dimensional G-space is a topological ma­

nifold (G pp.52-53), i.e. every point has a neighborhood homeomor­

phic to ~. The corresponding problem for higher dimensions is o­

pen. As mentioned before , it is not known whether a G-space always 

has a finite dimension. 
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3. SPACES IN WHICH THE GEODESIC THROUGH 

TWO POINTS IS UNIQUE. 

A further corollary of (2.11) is 

(3.1) If the geodesic through any two distinct pOints of a G-space 

is unique , then each geodesic is either a straight line or a great 

circle. 

For if the geodesic G contains x and "1 (x F y ) it must 

contain every ~(x,y) because a geodesic containing T(x,y) exists 

and the geodesic through x and y i s unique. 

!he statement (3 . 1) can be considerably impr9ved. lor 

this and other purposes we need the concept of universal covering 

apace. The mapping 0( of the G-space R' on the G-space R is local­

ly isometric if a positive function (3 exists such that 0( maps 
J p' 

S(p', ~pl) isometrically on S(p' o( • ~I)' Putting pta< = p it 

can be proved (G p.171) that c( map. S(p', £ (p)/2) isometrioally 

on S(p. J (p)/2) so that in contrast to the topological theory of 

covering spaces a ~ I exists which is not only independent of the 
l
P 

choice of pI in PO( - but also of the space Ht (and the upping 0< ) . 

A cons~quence of this fact is that a locally isometr ic map of a com­

pact G-space on itself is an isometry in the large or a motion 

(G p.l72). 

If & 10cal11 isometric map 0( of RI on the R exi sts 

then R' is a covering space of R • The cardinal number of points 

in p ~ -1 is independent of p and is usually called the number of 

sheets of Rt (over R) . This number is at most countable, because a­

D:y two distinot points in po(-l is at least 2.l'(P ), (G pp.l7l,172). 
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If x'(t) 1s a geodesic in Rf then x'(t)ot = x(t) 1s • geo­

desiC in R • Conversely. a ~odesie in R can be lifted : given a 

geodesic xCi) in R and a point pi ~ x(to'« -1 there is a unique geo­

desic x'(t) in R' such that x'(to) = p' and x'(t)o( = x(t). In ge­

neral it 1s not true that there 1s only one geodesic G' through pi 

with GI~ = G where x(t) represents G • lor x(t) may have a multi­

ple point at x(to) and different lineal elements ot G at x(to) may 

lead to different Gt • However, l! x(t
o

) is a simple point of G, then 

G' io unique (G p.169). 

If x( t), r>(!f t ~ ~ t represents a segment then the corre­

sponding part of x'(t) is a segment. The converse is obviously not 

true. If T(x(o( ) ,x'J~» i. unique then so i. T(x' (0( ) ,x' (j!>)) 

(Gp.169). 

Among the covering apace of Ht there 1s a simply connected 

one, which 1s unique up to isometries and is called the universal 

covering space of R (G. Section 28). 

We now come to the improvement of (3.1). We observe first 

(3.2) If two distinct geodesics G" G2 each contain with two 

pOints X,1 a segment T(x,y) and have two common points a, a' then 

G, ~ G
2 

are great circles of the same length and a, a' are antipo­

dal on both, moreover G, f'I G2 = a Va'. 

Por both Gi contain segments T(a,a') and these are distinct, 

hence no point c with (abc) can eXist, see (2 .4 ) which proves that 

G" G2 are great circles of the same length, (2.4) also shows that 

they cannot have any other common points. 

J. G-space is sphere 11ke if the g!odesics are great cir-
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olea and the geodesics through a given point a all pass through a 

second point a ' F a, which we call the antipode to a. 

It tollows from (3.2) that all geodesics through a given 

point a have the same length, moreover that a is the antipod~ to n' . 

111 geodesics have the same length, because for any two non-1nter~ec­

ting geodesics a third intersecting both exists. 

A G-space is of the elliptic tyPe if the geodesics are 

great circles of the same length and the geodesic through to distinct 

pOints is unique. 

Identification of antipodal points in a spberelike space 

of dimension ~2 yields a space of the elliptic type. The argument 

is quite elementary and may be found in G p.129. We can now prove 

(3.3) It dim R ~ 2 and R i s not simply connected, if , moreover each 

geodesic in R contains with ally two points X,1 a segment T(x,y), 

then R is of the elliptic tYpe and has & spherelike space as two­

sheeted universal covering 'space. 

Proof. We know from (2 . 11) that all geodesios in R are 

great circles or straight lines. Since R is not simply connected 

its universal covering space H' has at least two sheets. 

We show first that a geodesio G' in R" conta~s with two 

points a', b' at least one segment T(a',b ' }. If G is the image of 

G' under the local isometry of R' on H, assume first that a = a'~ 
and b = blo< are neither identical nor antipodal in G • If G' did 

not contain a T(a' tb l ) , then a geodesic H' containing a T(a',b l
) 

would exist and G and H'o< would be two different geodesics lhrough 

a and b which contradicts (3.2) (G is simple , hence only one geode-
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sic Gt w1 th Gt 0( = G through a exists, see above). If a = b or a 

and b are antipodes on G I choose 0' close to b l so that a and c 

are neither identical nor antipodal. Then Gt contains a T(a',b') 

and by continuity also a T(a',b'). Thus all geodesics in R' are 

straight lines or great circles . 

Next we prove that there 1s only one geodesic G' in RI 

over a given geodesic in R. Let both G1 and n2 lie over G and choo-

se a~ € G
1 

so that ., and &2 are neither identical nor antip6dal om G. 

!he imagi HI of & geodesic HI con1:&iniD.g &1 and .2 intersects Gin., 

and &2" 'e Co.elude trom (3 . 2) that G = H and hence G\ = H' = Gi" 
n now follows that it (;10< = G and p ~ G then poi-1 c. G'. 

-1 
lor through every point p i E po{ there is a Gt with Gt 0( = G and 

there is only on! Gt mapped on G • 

through P I both contain all points 

Therefore two distinct geodesics 
-1 

in PO( and by (3.2) there can-

not be more than two. Thus every geodesic passing through one of the­

se points passes through the other and the space HI 1s spherellke. 

R is then of the elliptic type. 

(3.4) .l space in which the geodesic through two points is unique 

and which contains a great circle 1s not simply connected. 

This can be proTed for general G-spaces (G pp.201, 202), 

but 1s so simple under a minimum of differentiability hypotheses, 

that we prove it only for this case. 

The geodesics are all straight lines or great circles and 

defining the length of a straight line as infinite it is obvious 

that the length L(G) of a geodesic G through a fixed point p depends 

continuously on the geodesic. Choose p such that at least one g80-
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dea1e through P 1s a great circle. 

Consider an elliptic space E of the same dimension as R 

in which the geodesics have length 1_ Choos8 a point pi in E and 

map the tangent space of R at p linearly on the tangent space of E 

at pl. To a line element oL of R at p now corresponds a line element 

L' of E at pi and thus to the geodesiCS Gt through the geodesic ~I 

through L'. We map G
L 

in G
t

, 

1 
piX' =-. 

2 1 

such that 

px 2+L(G) 
• 

+ px L(G) 

The point x' is not uniquely determined by this relation, 

but we can determine it in a neighborhood of pi such that the map 

1s topological there. Then it becomes topological everywhere, and 

1s meaningful also for the great circles, because the antipodal 

point to p on '\ becomes the antipodal point on Gr. •• If GL is • 

straight line, then its image 1s GL, with the antipodal point to p 

omitted. 

ThUB R is mapped topologioally as a subset EN of E • A 

projective line cannot be contraoted to a point in E , hence still 

less in ~. Therefore the great circles in R through P , which are 

mapped on projective lines, cannot be contracted. The improv~ent 

of (3.1) is & corollary of (3.3,4) , 

(3.5) Theorem. If the geodesic through two distinct points of a G-

space of dimension greater than 1 is unique, then R is either strai­

ght or R is ot the elliptic tyPe and has a spherelike space as two 

sheeted universal oovering space . 
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4. INVERSE PROBLEIIS. 

A two-dimensional G-apace 1s a topological manifold and 

if the geodesic through 2 points is unique it 1s either homeomor­

phic to E2 and straight or homeomorphic to p2 and at the elliptic 

type. In view of the tact that in the Riemannian case the geodesics 

determine the metric up to trivial transformations except in a tew 

oases (Liouville's rheorem), it might seem reasonable to look tor 

all metrlzations of Z2 8S a straight G-space or of p2 as a space of 

the elliptic type. The following considerations will show that their 

problems are too general to be interesting, but determining the cur­

ve systems which occur as sets of geodesics proves interesting. One 

of the principal consequences of our investigation 1s an insight in­

to the enormous variety of linsler Metrics. 
2 

For a system S of curves in E to be the geodesics of a 

straight space the following is obviously necessary: It e(x,y) is 

an auxiliary euclidean metrization ot the plane then 

a) Each curve in S can be represented in the form p(t) 

(- 00 <::t" (0), p(t1) ~ p(t
2

) m t1 ~ t
2
,!!!E. e(p(o),p(t))_oo 

mltl_ oo 

b) There is exactly one curve of S through two given distinct 

points ot the plane. 

We will show that these trivially necessary conditions 

are also sufficient. 

(4.1) Theorem. Given a system S of curves in E2 satisfYing the con­

ditions a) and b) then E2 can be metrized (in a great ~ariety of 

ways) as a G-space with the curves in S as geodesics. 
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Por a F b let G(a,b) be the curve in S through a a~d b, 

and T(a,b) the subaro of G(a,b) with endpoints 8,b. If x 1s an in­

terior point of T(a,b) we write [a x bJ • Put T(a,a) ==,Ii Firat 

one establishes some simple topological properties of 5 , 

(G pp.57 , 5B), in particular the Axiom of Pasch: If c if G(a,b) and 

[aPb] then an S-curve H throU&h p intersects T(a,o) U 1'(0,0). If 

a ~ a and b ---io'b then T(a,o) --?T(a,b) in the sense of Haus---n n n n 

dorff's closed limit, and also G(av Ib v ) ~ G(a,b) provided a F b. 

• • Let G be an oriented S-curv-e and p ¢ G • If x traverses 

G+ 10 the positive sense then the oriented S-curve G+ (p,x) (p pre­

• cedes x in the orientation) tends to an oriented S-curve A called 

• • • the asymptote to G throush P • Por any q £ A the asymptote to G 

• • through q 1s also A • Por example, if q follows p on A I then the 

• segment T(q,x) tends to a ray R. If R did not lie on A • then G(p.r) 

• • with r E R - q would not intersect G and A cannot be the asympto-

• te to G through p • rhe oase where q precedes p is similar (G pp . 59, 

60 ) . We will see later that the asymptote relation is in general ne i ­

ther symmetric nor transitive. 

Here we need only the following consequence ot this con­

struction : a given S-curve G can be imbedded in a simple family .pi 

S-curves. 1.e. one with the property that every point of the pl&r.~ 

lles on exactly one curve in the family (the asymptotes to an orien­

tation ot G form a simple family). 

To construct our metric consider a simple family P of S­

curves. Pix a point z in the plane. let L be the curve in P t hrough 
a 

• -1 
a. Denote one side of Lz by H the other by H and put for any L E F 
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. (o ,L) 

- a(o ,L) 

o 

if 

if 

if 

• L C H 

L C H­

L = L o 

Then teL) depends monotonically on L • PUt 

d(.,b) = I t(L. ) - t(~) I . 

d(.,b) = d(b,a) 
= 0 if L. = ~ 
>0 if L.~~ 

H.Buaemann 

d(.,b ) • d(b ,c )? d(.,c) with equality if L. = ~ or ~ = Lc or ~ 

lies between La and Lo. 

d(a,z} ~ e(a,z) 

because d(a ,l ) = /t{La) I = e(z,La) ~ e(z,a) 

Choose a denumerable number of simple families '1 "2" •• 

such that UF
i 

1s dense among S-curvea. Por each Pi define the di­

stance d1 (with the same point z) as d was defined for P and put 

') -1 
ab = L... 2 di (.,b) 

1=1 

This number is finite because 

Clearly ab = ba ~ 0 , and if a F b then a S- curve separating a from 

b exists, hence also a curve in 

dk(.,b» 0 and ab) 0 • 

trivially ab + be ~ Be . We must show that the relations 

[axbJ and (ub) are equivalent . Let [ub] . lor a given 1 either 
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G(a,b) € Pi and then d
1

(8,b) = d
1

(a,x) = d
1

(x,b} = 0 t or the cur­

ve in Pi through x in Pi lies between the curves through a and b, 

and then di(&,x) + d1(x,b) = d1(a,b). Thus the latter relation holds 

for all 1 , which implies (axb). 

We ahow next that ax + xh ') ab if s,x,b are distinct and 

Cub] does not hold. If x e G(8,b) there 1s trivially as-curve 

separating x from a and b • If x ¢ G(a,b) then G(a' ,b') with [aalx] 

and [bblx] will separate x from a and b • Therefore a curve in so­

me 1 will exist separating x from a and b • Then the curve in F, 
k • 

through x is different from those through a and b and does not lie 

between them, hence 

and ax + :tb > abo 

It remains to be shown that the Bolzano Weierstrass Theo­

rem holda. I do not know whether this 1s always the case. But the 

parameter teL) was largely arbitrary and by modifying it we can 

reach finite compactness (G p.62). 

If the system S 1s well behaved we may replace the summa­

tion by an integration. We illustrate this by giving some interesting 

metrizations of the (x1,x2)-plane with the ordinary lines 

ax1 + bX2 + c = 0 as geodesics. Remember that the euclidean metric 

i8 by Beltrami's Theorem the only Riemannian metric with this pro­

perty. 

Let get) (t ~ 0) be continuous, non-negative, increasing 

with get) ~ 00 for t _ 00 • Put 
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Observe that I xl cos 0( + x
2
sin c( 1 is the euclidean distance of the 

line through the point x = (x 1,x2) with normal 0( from the origin 

z = (0 , 0) . Thus t(x, 0( ) corresponds to our te L) in the general ca-

se and I t(x, 0( ) - fey, 0( ) I to d(X , 1) . Integrating instead of 

summing we form the distance 

'llf2 

.f'g(X , y) = J f(x,c><l - f (Y" Il/ d 0/ , 

-1V2 
for which the ordinary lines are the geodesics. This distance is 

invariant under the euclidean rotat1u~s acout z, which are therefo­

re also motions , more specifically rotations , for fg ' We consider 

some special choices of g. 

1) ge t ) = 10g(1 + t ). Then the distance becomes relative­

ly small as we move out and a simple estimate shows that for any 

two parallel lines L1, L2 the distance %,L
2

(x1 l: L1) t ends to zero 

when Xl traverses L, in either direction. 

2) get) = et . The distance becomes large when moving out 

and x1L2 ~ 00 If Xl traverses L1 in either direction. 

3) g( t) = t~ , Jh 0 • (For ;; = 1 this gives the eu­

cl1deanmetric ) . Then with ~x =(hx 1, Sx2)( S> 0) 

f( g x , 0{ ) = SP f (x, 0< ) 

If k > 0 is given we can determine a") 0 such that 

~ , = k and we have for any two points x l Y 

J (~x , h) = kg (x , y) • 
g g 

'rhus x' = g x is a dilation for the metric fg with the given dila-

tion factor k • Thus we have a metric with the ordinary lines as 

geodesics, all dilations from z and all rotations about z which is 
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not euclidean. Whereas the metries in oases 1) and 2) are or can be 

made smooth everywhere, the metric 3) has in a well defined sense 

a singular! ty at z when J F 1 , and this singular! ty cannot be e­

liminated without making the metric euclidean, see (10.J). 

The superposition principle used to construct the metric 

in Theorem (4.1) can be used in many other ways. lor example: de­

f1ne the funct10n f(t) by 

{ 

0 for t < 0 

f( t) = 'it for 0" t ~ , 

1 for t > 1 
r: 2 21'/2 

thon w1th O(X,l) = lex, - 1,) + (x2 - 12) J 

Xl = .(x,y) + I f(x,) - f(Y,) I + I f(x2) - f(Y2) I 
is & metrization ot the (x1,x2)-plane with the ordinary lines as 

geodesics. Let z = (0,0), a = (2t,o), b = (ttt), c = (o,2t). Then 

(abc) and for 0 < t I{. '/2 

za = Za = 2t + V2t zb = .{2t + 2 ~ 
zb - za = {t (2 - {2)(, - {t) 

and zb / za = zc tor 0 < t~ 1/2. Therefore no circle with radius 

.:$ 2 about z is convex. This hinges on the singularity of t at O. 

'e mentioned that in smooth P'insler spaces small spheres are convex 

(Gp.,62). 
2 The result for P corresponding to (4.1) is I 

2 (4.2) Theorem. In the projective plane P let a system 5' of curves 

be given such that 
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a l ) Each curve in 51 homeomorphic to a circle 

b l
) There is exaetly one curve of 5' through given di­

stinct points. 
2 

Then P can be metrized as a G-space for which the curves 

in 5' are the geodesics . 

This theorem was first proved by Skornyakov [1] , a sim­

pler proof is found ~ Busemann [4J • I will outline a proof of 

(4.2 ) and at the same time of 

(4.3 ) It pn (n ~ 2) is metrlzed on a G-space with the projective 

lines as geodesics, then this metric can be extended to pO+1 so 
..0+ 1 that the projecti're lines in r are the geodesics. 

In both problems we 

5". In (4.2) we then obtain a 

pass from pP to the spherical space 
2 system of curves S on S such that each 

curve is homeomorphic to a circle and any curve on S through a point 
2 

a also passes through the antipodal pbint a' to a on S • Ie m&1 assume 
2 

that one S-curve is the equator A of S and the ordinary great cir-

cles through the north and south poles belonging to A are S-curves. 
2 We metrize A as a great circle auch that antipodal points of S a-

re antipodal on A • 
n+1 Jl 

In (4.3) on S a great::l denoted by A and metrization 

of A as a G-space with the ordinary circles as geodesics i8 giTen. 

In both cases we denote by H and H' the two open hemispheres boun­

ded by A • It p E H then its antipode pi e H'. li'or any point x ~ p,p' 

there is exactly one semi-great circle (a-curve in (4.2» with end-

pOints p,p' and containing x 

also y ~ p,p' we put f (x,y) 
p 

It intersects A in a point x • If 
p 

= x y • Notice that f (x,y) = xy for 
p p p 
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%,1 e .A. • Since x--+~ maps antipodal points onto antipodal points 

on A , each semi-great circle not pasaing through p is with fp(x, y) 

ae metric a segment ot the same length ~ • (P1gure 1) . Put 

0= f (p',x) = f (p,x) = f (x,p') = f (x,p ). p p p p 
Let g(p) be any positive continuous function on H such 

that j g(p)dp = 1 and put 
B 

%1 = 

This integral exists as a Riemann integral, because 

f
p

(X,1) is bounded, continuous when x and '1 ~e different from P,P' 

and lower semloont1Duous when x or y fall in P or p'. Por any S-cur­

ve G: J t (x,y)g(p)dp = 0, because G intersects each meridian 
G"H P 

in 2 points only. These facts yield very easily that each semi great 

circle 1s with the metric %y a segment of length J and the metric 

~ is evidently the same as before. 

rhe proof that xy + yz > %z when x,y,z do not 11e in this 

order on a semi great circle is very similar to the corresponding 

proof in (4.1). 

The inverse problem has also been Bolved for the torus wi­

thout conjugate points, i.e. a torus whose universal covering space 

(the plane ) is straight. This problem differs from the preceding 

problems in that there are non-obvious necessary conditions. This 

will be discussed after the theory ot parallels has been developed. 


