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Lecture 1. Fundamental Ideas Concerning Wave Equations

1. General Ideas

The physical concept of a wave is a very general one. It includes the
cases of a clearly identifiable disturbance, that may either be localised
or non-localised, and which propagates in space with increasing time, a time-
dependent disturbance throughout space that may or may not be repetitive in
nature and which frequently has no persistent geometrical feature that can
be said to propagate, and even periodic behaviour in space that 1s independent
of the time, The most important single feature that characterises a wave
when time is involved, and which separates wave-like behaviour from the mere
dependence of a solution on time, is that some attribute of it can be shown
to propagate in space at a finite speed.

In time dependent situations, the partial differential equations most
closely associated with wave propagation are of hyperbolic type, and they
may be either linear or nonlinear. However, when parabolic equations are
considered which have nonlinear terms, then they also can often be regarded
as describing wave propagation in the above-mentioned general sense. Their
role in the study of nonlinear wave propagation is becoming increasingly
important, and knowledge of the properties of their solutions, both qualitative
and quantitative, is of considerable value when applications to physical
problems are to be made. These equations frequently arise as a result of the
determination of the asymptotic behaviour of a complicated system.

Nonlinearity in waves manifests itself in a variety of ways, and in
the case of waves governed by hyperbolic equations, perhaps the most striking
is the evolution of discontinuous solutions from arbitrarily well behaved
initial data. In the case of parabolic equations the effect of nonlinearity
is tempered by the effects of dissipation and dispersion that might also be
present. Roughly speaking, when the dispersion effect is weak, long wave
behaviour is possible, whereas when it is strong a highly oscillatory
behaviour occurs, though the envelope of the oscillations then exhibits some

of the characteristics of long waves,
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Waves governed by a linear wave equation arise in many familiar
physical situations, like electromagnetic theory, vibrations in linear
elastic solids, acoustics and in irrotational inviscid liquids. However,
these linear equations often arise as a consequence of an approximation
involving small amplitude waves, so that when this assumption is violated
the equations governing the motion become nonlinear.

Not only does this convert the problem to ome involving nonlinear
partial differential equations, but it also usually leads to the study of
a system of first order equations, rather than to a nonlinear form of the
familiar second order wave equation. This happens because the wave equation
usually arises as the result of the elimination of certain dependent
variables from first order equations (like E or H in electromagnetic theory),
and this is often impossible when nonlinearity arises, Our concern hereafter
will thus be mainly with quasilinear first order systems of equations - that
is to say with systems that are linear in their first order derivatives, and
for the most part we will confine attention to one space dimension and time.

2 The Linear Wave Equation

Because of the importance of the linear wave equation

2
2
li.é_% = v, 1)
c t

(>3

let us begin by reviewing some of the basic ideas that are involved, though

in the more general context of the variable coefficient equation

3
2 a,, u + I bu,+cu = f (2)
i,j=0 1 xixj i=0 & xi
4 - 0 1 2 3
with aij’ bi, ¢, f functions of the four dimensional vector s = (x , x, X, X').

Not all linear second-order equations of this form describe wave motion, and
on account of this it is necessary to produce a method of classification which
readily allows the identification of wave type equations from amongst the
other types that are possible (i.e. elliptic and parabolic).

The form of classification to be adopted utilizes the coefficients of

the highest-order darivatives and has an algebraic basis but, as will be seen
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in a subsequent section, this classification in fact effectively distinguishes
between equations of wave type and those of other types. Let us start by
attempting some simplification of the form of equation (2) by changing the

independent variables through the linear transformation

3
. T q&jxj , 1 = 0,1,2,3 (3)
1=0

where thecmzij are constants.

A transformation of this form gives an affine mapping of the
(xo, xl, xz, x3)-space which is one-one provided det[a&j] # 0. Employing

the chain rule for differentiation we find that equation (2) may be re-written

3 ¥

)X a, .o 0, 4 + ] ba,u.,+f = 0. (4)
1,4,5, =0 1% * 04 o A 1%k &

Hence the coefficients aij of the derivatives uxixj' which are functions of
position, transform to the new coefficients
3

fe ™ itg_oaijakiaij
of the derivatives u L which are also functions of position. If, now,
we confine attentionEtE the set of coefficients aij appropriate to some
specific point s = 5 in (xo, xl, xz, xs)—space, we see that this is exactly
the transformation rule which would apply to the coefficients aij of the
quadratic form

3

1§j-o "Ry ¢ =

when the n, are transformed to Bk by the variable change

§
- a 0 .
it ki'k

Ny

Now it is a standard algebraic result that by a suitable transformation
a quadratic form with constant coefficients may always be reduced to a sum
of squares, though not all of the squared terms need be of the same sign.

Furthermore, Sylvester's law of inertia asserts that however this reduction

is accomplished, the number of positive terms m and the number of negative
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terms n will always be the same. To apply these results to the differential

equation (2) itself with the variable coefficients aij’ let us again confine
attention to a fixed point s = N in (xo, xl, xz, 13)-space and attribute to

the a the specific values a1j = aij(go).

ij
This then implies that some choice of the numbers uij - aij exists for
which

m-1 win-1
{ai-[ez

E aij“inj 1=0 i=nm =

1,3=0
where m + n < 4. The number pair (m,n) is called the signature of the
quadratic form (5) and, being an algebraic invariant, is used to classify
the quadratic form. We shall use it to classify the variable coefficient

partial differential equation (2) at each point s = S5

The effect on equation (2) of using these numbers &,, in the transformation

13
(3) is to yield at g = 8,2 differential equation of the form
mfl I:Ier-l % .
u - u + bu,+f = 0 (6)
1=0 g'e¢' 1= gfg' gm0 gl

Equation (6) or, equivalently, (2) is called hyperbolic at s = = in the
go-direction when the signature is (1,3), elliptic when the signature is
(4,0) and parabolic when m + n < 4. If an equation is hyperbolic in the ED—
direction at each point of a region @, then it is said to be hyperbolic in
the Eo—direction throughout Q.

Obviously, if an equation has constant coefficients, then one suitable
transformation (3) will reduce it to the form of equation (6) throughout all
space. For example, aside from the trivial transformation to remove the
constant factor llcz, the wave equation (1) is already seen to have the
signature (1,3). Thus if a transformation is made at one point of space to
convert the factor 1/c2 to unity, then it does so for all points in the space.

The usual effect of variable coefficients and first-order terms in
hyperbolic equations of the form (2) is to introduce distortion as the wave
profile propagates. This produces various complications, not the least of

which is the fact that the wave velocity becomes ambiguous and requires
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careful definition. Only when there is a clearly identifiable feature of
the wave which is preserved throughout propagation is it possible to define
the propagation speed of this feature unambiguously. Such is the case with
a wave front separating, say, a disturbed and an undisturbed region and
across which a derivative of the solution is discontinuous.

3. The Cauchy Problem - Characteristic Surfaces

Fundamental to the study of hyperbolic equations is the Cauchy problem,
and the associated notion of a characteristic surface. In brief, when
working with four independent variables the Cauchy problem amounts to the
determination of a unique solution to an initial value problem in which a
hypersurface F is given, and on it the function u is specified together
with the derivative of u along some vector directed out of F. Such a

ditrectional derivative is called an exterior derivative of u with respect

to F, in order to distinguish it from a directional derivative in F which

is known as an interior derivative. In the Cauchy problem it must be

emphasized that the function u and its exterior derivative over the initial
hypersurface F are independent, and can be specified arbitrarily.

A hypersurface F for which the Cauchy problem is not meaningful because
u and its exterior derivative cannot be specified independently is called a

characteristic hypersurface. Let us now see how characteristic hypersurfaces

may be determined.

It is convenient to utilize curvi-linear coordinates go, 51, 52, §3 and
to let the hypersurface F on which the initial data is to be specified have
the equation Eo = 0. In terms of the new variables, a derivative with respect
to Eo is a directional derivative normal to F so that it is an exterior
derivative, whilst derivatives with respect to El, 52, 53 are interior
derivatives.

We now utilize this by rewriting equation (2) in a form in which the

derivative u 0.0 is separated from the other second-order derivatives
£€



3aa° g B BB
1,1,=0 1 ast axj %%  1,5.k,0m0 U axt axd kgt
3
+ ¥ bi Eé; u, teu = £ . (7
i,k=0 ax £

Here Z. signifies that the terms corresponding to k = £ = 0 are omitted from
the summation.

Now if we specify u and u 0 independently on F, as is required in the
Cauchy problem, the substitution of their functional forms into equation
(7) enables the determination of u 0.0° provided only that the coefficient
of this derivative does mnot vanish? EThereafter, the solution may be obtained
in the form of a Taylor series by determining the coefficients of the series
by successive differentiation of the initial data and of equation (7) itself.
This is, of course, the idea underlying the classical Cauchy-Kowalewski
theorem. It is, however, very restrictive as an existence theorem since
it demands that all functions involved are C .

In the event that the coefficient

o
0

f 3¢
a8 (8)
i,j=0 4 Bxi Exj

of vanishes, neither this nor higher-order derivatives of u with

Y00

respect to Eo can be found. Furthermore, the derivative u 0.0 may then be
gL
specified arbitrarily on F, and even differently on opposite sides of F.

This is not remarkable, because when the coefficient of u 0.0 vanishes,
£
u and u o cannot be specified independently over F. This follows because

£
they must satisfy the equation which results when the first term is deleted
from equation (7), and so we then have insufficient initial data.

As already mentioned, the hypersurface F with the equation EO = 0 for

which the coefficient (8) vanishes is called a characteristic hypersurface cof

the differential equation (2). To examine such hypersurfaces further, we

begin by setting B, = agO/axi and writing

= ES - (9
H 1 P4Py (%)
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Then the quadratic form H is the coefficient of the derivative u 0.6 in
equation (7), and the characteristic hypersurface F will be giveg Ey the
condition H = 0.

To interpret the condition H = O, we first recall that if ¥ is a
differentiable scalar function, then grad¥ is a vector normal to the surface
¥ = const. Consequently, by analogy, Py = BEOIBxi is the ith component of the
four-dimensional gradient of Eo and so is the ith component of a four-dimensional
vector p normal to the hypersurface F. Hence the equation H = 0 1s a
condition on the orientation of the normal vector p to F, and as the Agy BTe
usually functions of position, it follows that this condition will differ from
point to point.

The quadratic form (9) is, of course, just the same quadratic form we
encountered in (5), so that its signature will depend on the type of the
equation (7) or, equivalently, (2). If the equation is hyperbolic at
s = s_ the signature will be (1,3), and it follows that at the point the

_0
condition H = O determining the characteristic hypersurface can be reduced to

2 2 2 2
Pg =P t Py tpy . 1o0)
It is obvious that no real characteristic hypersurface exists for
elliptic equations, since their signature is (4,0) and the components of the

vector p need to be complex if they are to satisfy the condition

2 2 2 2
H-po+pl+p2+p3 = 0.

To proceed with the hyperbolic case we now simplify matters by setting

x0 = t and writing

£ = - et K, 2D au)

so that Py = 1 and P, = -$ 1 for i = 1,2,3, Then the quadratic form (10)
x

becomes

R S S a2
X x b4
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which is a differential equation for the function ¢ locally at s = £
This is, of course, the familiar Eikonal equation from mathematical physics.

At any time t = t_  a real three-dimensional surface S is defined by

0

sat, o ) = ey as

and this is called a characteristic surface.

If equation (7) is a constant coefficient equation it can be reduced
to the form of equation (6) with m = 1, n = 3 throughout all space, so that
equation (12) then describes the characteristic surface ¢ = const for all
points in space.

In summary, we have established that real characteristic surfaces occur
in connection with hyperbolic equations, and that across such surfaces a
discontinuity may occur in the second normal derivative of the solution. This
discontinuity in a derivative of a solution is usually identifiable with
an interesting physical attribute of the solution, since it represents a
wavefront bounding two regions.

The discontinuity surface, or wavefront, advances with time, as is
shown by the following simple argument.

Taking the total differential of EO = 0 and using equation (11) we find
1 2 3
dt-dx&l-dx¢2-dx¢3 0
x x x

or, equivalently
dt = .dr.gradé ,
1 2 3
where dr is the vector differential with components (dx , dx , dx’).

Hence

. = Hal (14)

- = o rad¢
X ac * 2 |grad¢|

The vector n is the unit normal to the surface ¢ = const, and as dr represents

the displacement of a position vector with time, v = dr/dt is the velocity of
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displacement of a specific point on the surface as the characteristic
surface moves from its position at time t to its position at t + dt. The
scalar v.n is the normal velocity of propagation of the characteristic
surface or wavefront and, in general, is a function of position.

By re-writing equation (7) and differencing it across the characteristic
surface, we shall see that there may also be a discontinuity in the first
normal derivative of the solution and this, like the discontinuity in the
second-order derivative, is propagated with the characteristic surface.

The equation governing the development of the discontinuities in first- and
second-order derivatives is an ordinary differential equation defined along
a curve in space and is called the tramsport equation.

4. Domain of Dependence - Energy Iﬁtegral

The dependence of a wave solution on initial data is most easily
illustrated in terms of the one~dimensional wave equation
2 2
2a . 228 L, (15)
ot X

with the initial conditions
u(x,0) = h(x) and g%'(x,o) = k(x) . (16)

The explicit d'Alembert solution

xtct
u(x,t) = hw—& +§lg J k(s) ds 17)
x-ct

shows how the solution at (x ,to) depends only on data in the interval

- <x < o
£ r:l:o_x__x0+o::t:Cl

This is called the domain of dependence of the solution at (xo,to). This
same idea generalises to quasilinear hyperbolic systems and we shall employ
it later.

In conclusion, to illustrate the important notion of an energy integral
that arises when working with equations derived from the conservation of

physical quantities, let us prove the uniqueness of the solution to the
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(3¢, &)

'

* =
bomdn N,
¢ sy N
deberminae

0 W
)

xo—cb’o 9 Hg4ck, Toe

Domain of dependence

Cauchy problem for slightly generalised two dimensional wave equation

azu Bzu 32 qu
s =k -—54--'—; - alxylu -1 o5, (18)
at ax ay
0
with u(x,y,0) = uo(x,y), 3% (x,y,0) = ul(x.Y) ) (19)

and where we shall assume p, k, r to be positive constants and q(x,y) > O.
It will be convenient to comsider that (18) governs the motion of a membrane
with density p, tension k per unit length, distributed springing under the
membrane with spring constant q(x,y) per unit area and fwictional coefficient
T.

Then the potential energy within a fixed region R with boundary B of

the (x,y)-plane comprises the energy stored in the springing
ER(t) - !J qu2 dxdy
s 2
R
and the energy stored in the membrane

R 1
(t) = -—” uk|[— + —35| dxdy
By 2l St T2

with n the outward dfawn unit normal to B and ds a length element of B. The
first integral in Eﬁ(t) is the negative of the work done by the tension against
the interior of R and the second integral the negative of the work done against
the boundary.

Green's theorem shows that
2 2
g0 - 4] ' ] o
R X

3y
so that the total potential energy
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2 2
E?(t) = %” k“%‘:—) + [%;—] l + qu2 dx dy . (20)
R
The kinetic energy is
R 1 Ju e
Eg(t) = -5” p[ﬁ- du dy (21)
R
so the total energy is
EN(t) = E'é(t) + Eg(t)
or
2 2 2
ER(t) = %” p[g_:] + k{[%’%] + {%} ] + quz dx dt (22)
R

It then follows after use of Green's theorem that
d _R du . 3u du ‘2
It E(t) = §B 3 k 3n ds - JIR T [ﬁ] dx dy , (23)

which is the outward flux of energy across the boundary and the loss due to

friction.
| y
€
o e
>t
Now let R vary in such a way that at t = 0 it is RO and at t = t1 it is

the smaller domain Rl The surface between RO and Rl, we write in the form
t = T(x,y).

Integration of the identity

2 2 2
_ 10 | fou 2)? | [ou 2
= 2% "[ac] b k[[ax] i {By] ] il

2
3 Su du| .. 3 f3u du 3u
o k[ax (at Bx] 5 [Bt ay]] ¥ [at]
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followed by use of the divergence theorem and some manipulation finally

glves the result

2 2
1 ou Ju
”R 2 D[Wat] * k [_Qx
0
2 2
Ju 1 du 9T du
mv‘&] at L A & ” 5[“‘ 'a;‘*axa—t]

(x,y) in R
t=T(x,y)

2 2 2 2
du 3T 3u 2| [ar 1) “ [|(2u 2
tok [at Ty Bt] * °{1 o [[ax] i [ayl ]][?E] * q“] dx dy , (24)

2
where ¢~ = k/p and V is the volume of the region concerned,

2
Ju 2
+ [3y] + qu” ; dx dy

Now impose on R(t) the condition
NI S
c

Then all terms on the right-hand side of (24) are non-negative, so if
u=u = Oat t =0 in Ro the right~hand side of (24) must vanish, since
with zero initial conditions the left-hand side vanishes. In particular this
means that u, must vanish identically on the top and sides of V. However,
the top Rl corresponds to any tl so that u, = 0 in V. Since u =0 in R0 it
follows that u = 0 in V,

This proves uniqueness, for if two different solutions v and w exist
corresponding to the same Cauchy data (19), u = v-w will satisfy the initial
data u = o - 0 at t = 0. We have seen this implies u = 0 so that v = w, and
the solution is unique at all points that cannot be reached by a disturbance
starting in R.0 and travelling with a speed < ¢. The region RO now plays the
part of the domain of dependence, and the volume V becomes the domain of
determinacy.

The limiting case

SR

ax 3y 2

may be interpreted in a useful physical manner if we let n be the normal to
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the ruled surface t = T(x,y). We have

=3
& _ @ﬂﬂz
dt [vT] ax ay ’
so that
dn
ae o

showing that c¢ is tne speed of contraction of the region R. The volume V
in which the solution is determined by the Cauchy data on RO is thus an
inverted cone with base Ro.

5. General Effect of Nonlinearity

It is now necessary to make clear that the effect of nonlinearity in a
wave equation involves more than the loss of superposibility, for it can also
change the entire nature of the solution. This is best shown by a simple
non-physical example.

Consider the single first order partial differemtial equation

du du _
3t + £(u) el 0 (26)

for the scalar u(x,t) that is subject to the initial conditiom
u(x,0) = g(x) . (27)
Now the total differential du is given by

- 2u 3u
du = 3t dat + 5% dx ,

so that if x and t are constrained to lie on a curve C, then at any point P on

C we have
du 3u dx| du
3t E+H§= (26,

where now dx/dt is the gradient of curve C at point P.

Comparison of (26) and (27) now shows that we may interpret {26) as the
ordinary differential equation
du _ (29)
@ - 0

along any member of the family of curves C which are the solution curves of
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dx
= £(u) . (30)

These curves C are called the characteristic curves of equation (26). The
solution of the partial differential equation (26) has thus been reduced to
the solution of the pair of simultaneous ordinary differential equations (29)
and (30).

Equation (29) shows that u = const along each of the characteristic curves
C. The constant value actually associated with any characteristic curve being
equal to the value of u determined by the initial data (27) at the point at
which the characteristic curve intersects the initial line t = 0. Setting
u = const in (30) then shows that the characteristic curves C of (26) form a
family of straight lines. So, 1f we consider the characteristic through the
point (£,0) on the iritial line, we find after integrating (30) and using
(27) that the family of characteristic curves C have the equation

x = E+ tf(g(E)) , (31)
where £ now plays the role of a parameter.

Expressed slightly differently, we have shown that in terms of the
parameter £,u = g(E) at every point of the line (3151n the (x,t) plane. In
physical problems t usually denotes time, sco that it is then necessary to
confine attention to the upper half plane in which t > 0.

The solution to (26) and (27) may be found in implicit form if £ is
eliminated between u = g(£), which is true along a characteristic, and the
equation (31) of the characteristic itself. We find the general result

u = g(x- tf(u)) . (32)

Result (31) shows that if the functions f and g are such that two character-
istics intersect for t > 0, then since each one will have associated with it
a different constant value of u, it must follow that at such a point the
solution will not be unique. This can obviously happen however smooth the
two functions may be, since intersection of two characteristics depends merely
on the value of f(g(£)) that is associated with each of the straight 1line

characteristics. This i1s to say on the two points (gl,o) and (52,0) of the
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initial line through which they pass. We conclude from this that such

behaviour of solutions is not attributable to any irregularity in the

coefficient f(u), or in the initial data n(x,Oj = g(x).
Differentiating (32) partially with respect to x gives

Bu 8" (e-tf(u))
5 -~ g {atE(a)If (O (33

showing 3u/3x becomes infinite whenever 1 + tg'(x-tf(u))f'(u) = 0. This is
what is often called the gradient catastrophe. In order to extend the
solution beyond this point we will need to introduce the concept of a
discontinuous solution called a shock. This will be done later.

General References

{1l Courant, R., Hilbert, D. Methods of Mathematical Physics, Vol. II,
Wiley-Interscience, 1962.
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[3] Hellwig, G. Partial Differential Equations, Blaisdell, 1964.
{4] Roubine, E. (Editor). Mathematics Applied to Physics, Springer, 1970.

[5] Coulson, C. A., Jeffrey, A. Waves, 2nd Ed. Longman, 1977.
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Lecture 2. Quasilinear Hyperbolic Systems, Characteristics and Riemann

Invariants.

1. Characteristics

The notion of a characteristic curve needs to be introduced in the
context of the quasilinear system

U U
%E + A %; + B = 0 , (1)

in which U and B are n element colummn vectors with elements Ups Bgs ey
u and bl, hz, siws 0§ bn’ respectively, and A is an n x n matrix with
elements aij' The system (1)} will be quasilinear if, in general, the
elements aij of A depend nonlinearly om Uy Ugs evey U When B # O the
elements bi of B may, or may not, depend linearly on Upy Upy ees, Uoe It
will be assumed throughout this section that the elements bi and aij are
continuous functions of their arguments.

Although x, t are the natural variables to use when deriving systems
of equations describing motion in space and time, they are not
necessarily the most appropriate ones from the mathematical point of
view. 8o, as we are interested in the way a solution evolves with time,
let us leave the time variable unchanged in system (1), but replace x by
some arbitrary curvilinear coordinate f and then try to choose g in a
manner which is convenient for our mathematical arguments. Accordingly,
our starting point will be tec change from (x, t) to the arbitrary semi-
curvilinear coordinates

£ = g(x, t), t' = t . (2)

If the Jacobian of the transformation (2) is non-vanishing we may

thus transform (1) by the rule

2. 82 & 5 868 3. 9 @3 o .9
3¢ At ag at  st' T 8t g at’
Pe = 2 dooa 28 B - 2R B

3x ~  8x B 3x  at' ax  af
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where, of course, 9&/9t and 3E/9x are scalar quantities. This leads

directiy to the transformed equation

v, % U, 3 , W -
5r Y o % Y o A g t B 0

U Clig
w*’(a—tI*a—A)a—E‘FB-O, (3)

where I is the n X n unit matrix.

Equation (3) may now be considered to be an algebraic relationship
connecting the matrix vector derivatives 3U/dt' and 3U/3E, It is then
at once apparent that this equation may only be used to determine
9U/3E if the inverse of the coefficient matrix of 3U/3E exists. That is
to say, if the determinant of the coefficient matrix of 3U/3f is non-
vanishing. This condition obviously depends on the nature of the
gpurvilinear coordinate lines £(x, t)= comst., which so far have been
chosen arbitrarily. Suppose now that for the particular choice £ = ¢

the determinant does vanish, giving the condition.

¢ L) =
oL + =k 0. (4)

Then because of this the derivative 3U/9¢ will be indeterminate on the
family of lines ¢ = const. Consequently, across such lines ¢(x, t)=
const., 9U/3¢ may actually be discontinuous. This means that each of the
n elements Bui/3¢ of 3U/9¢ may be discontinuous across any of the lines
¢ = const. To find how, when they occur, these discontinuities in Bui/3¢
are related one to the other across a curvilinear coordinate line ¢ = const.,
it is necessary to reconsider equation (3).

We shall now confine attention to solutions U which are everywhere
continuous but for which the derivative 3U/3¢ is discontinuous across
the particular line ¢ = k (say)f Because of the continuity of U, and the
continuity of the elements 83 of A and bi of B, the matrices A and B will
experience no discontinuity across ¢ = k. So, in the neighbourhood of a

* r
We call this a weak discontinuicy.
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typical point P of this line, A and B may be given their actual values at
P. In equation (3) there is no indeterminacy of 3U/3t' across the lines
¢ = const., and as 3/3t' denotes differentiation along these lines it
must follow that 3U/3t' is everywhere continuous and, in particular, that
it is continuous across the line ¢ = k at P.

Taking these facts into account the differencing equation (3) across

the line £ = ¢ = k at P gives

] 3 au
(3%1+3§A)P gl]r-o, (5)

where [ a ]l = a_ - a, signifies the discontinuous jump in the quantity a
across the line ¢ = k, with a_ denoting the value to the immediate left

of the line and a_, the value to the immediate right at P. As the point P

+
was any point on this line the suffix P may now be omitted. The operator
9/9¢ is differentiation normal to the curves ¢ = const., so that equatioms
(5) express compatibility conditions to be satisfied by the component of the
derivative of U on either side of and normal to these curves in the (x, t)-
plane.

This is a homogeneous system of equations for the n jump quantities
I Bui/3¢ = (3ui/3¢)_ - (3ui/3¢)+ and there will only be a non-trivial

solution if the determinant of the coefficients vanishes. The condition

for this is

LI 99 -
3_tI + I 0. (6)

However, along the lines ¢ = const. we have, by differentiation,

3 3 dx
% T R " P

so that these lines have the gradient

dx 3¢ 3 _
-'EE = ---a? 3—1 = A (say). (7)

Combining (6) and (7) we deduce that A must be- sach that.

|a - a1 ] = o. (8)
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Consequently the A in (7) can only be one of the eigenvalues of A,

and since (5) can be re-written
U
(A = A]J a_¢] = 0 E) (9)

the column vector [[9U/3¢ ] must be proportional to the corresponding right
eigenvector of A. This, then, determines the ratios between the n elements
I aui/a¢ T of the vector [ 3U/3¢ J] that we were seeking.

As A is an n X n matrix it will have n eigenvalues. If these are

real and distinct, integration of equations (7) will give rise to n distinct

families of real curves C(l), C(z), &y C(n) in the (x, t)-plane:
LC %% - 2D T T (10)

If x denotes a distance and t a time, the eigenvalues will have the

dimensions of a speed. Any one of these families of curves C(l) may be

‘taken for our curvilinear coordinate lines ¢ = const. The k(i) associated

with each family will then be the speed of propagation of the matrix

column vector [ 3U/3¢ I] along the curves C(i) belonging to that family.
When the eigenvalues A(i) of A are all real and distinct, so that the

propagation speeds are also all real and distinct, and there are n

(i)

distinct linearly independent right eigenvectors r of A satisfying the

defining relatiom
ar®) o @ ) fori=1, 2, ..., n, (11)

the system of equations (1) will be said to be totally hyperbolic. We

may, if we desire, replace the words right eigenvector by left eigenvector
in this definition, where the left eigenvectors I of A satisfy the

defining relation
1) 54 - i} D fori=1, 2, ..., n. (12)
The families of Curves C(l) defined by integration of equations (10) are

called the families of characteristic curves of system (1).
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The relationship between characteristic curves and the solution
vector U to system (1) is illustrated in the Figure in the case of a
typical element u; of U. BHere it has been assumed that initial conditions
have been specified for system (1) in the form

U(x, 0) = ¥(x) ,

where the ith element u, of U has for its initial condition ui(x, 0) = wi(x).

w
} 8 w’nve{'fonb
£ i wavefront Frace
' | r (.? (charocker: obie)
: |
! I !
LA = e —_— e
(9 H] P 5
i } |
| | .
1 -
| /b=k) Skl Sk $= s
& j‘p Mo O ;;3 o -

Since it was not necessary that 3U/3¢ should be discontinuous across
the characteristics ¢ = const., it must follow that continuous and
differentiable elements of the initial data ui(x, 0) = wi(x) will also
propagate along characteristics. In the case of the element of initial
data at A, this will propagate along the characteristic ¢ = kl (say) starting
from the point (xl, 0) which is the projection of A onto the initial line.
The characteristic ¢ = kl is then the projection onto the (x, t)-plane
of the path AB followed by the element of the solution surface § that
started at A. Characteristics corresponding to k = kz, k3, k4’ etc.,
may be interpreted in similar fashion.

To distinguish between initial and boundary value problems it is
necessary to classify arcs T in the (x, t)-plane as being either time-
like or spacelike. This is done by assigning to each characteristic arc

an arrow showing the direction corresponding to increasing t, and then



